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Level - 1
1.(A) The determinant f is symmetric in X, y, z and vanishes when x is replaced by y or z and also when y is replaced by z
sothat f=(x-y)(y—2) z—-x) F(X,V, 2). F (X, Y, z) being a symmetric function in x, y, z.
The main diagonal gives x y3z and in the product, we have the term (X —y) (y — 2) (z - x). It follows that:
F(X,y,2) =Xy +yz+2zx
f=K-y)y-2@-x)(xy+yz+2x) and g=(x-y)(y-2) (z-x)

= i:xy+yz+zx
9

—X loge a* 2 3
a e X a X ax X2

3x X .x
2(A) g=|a® el x4 = a7 g3 ¢ ( ploga* =a )
a

5%
a—5x eIogea 1

a¥ a* x° a* a* x

i st
-3x a3x 4 (lnterchang|ng|

g(-x)=1]a*>* a x*| =-|a

a5x a—5x 1 a

o J=—9(X):>9(X)+g(—><)=0
and 1™ columns

X
-5x a5x 1

1+x 1 1
3.(C) 1+y 1+2y 1 |=xyz|l+= 2+=
1+z 14z 143z

Use, R{ >R+ Ry, + Ry

:xyz[3+l+l+1J 1+l 2+l
Xy z y y y

1+= 1+= 3+1
z z z

Use, C, »C,— C; andC3— C3-Cy

= xyz[3+l+l+1J 1+— 1 -1 :2xyz(3+£+—+—J=O
X y z

= xl+yt+zl=-3
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0 10010 0 0 1
4.(A) A>=AA= |0 0 1|x|0 0 1| =|p ¢ r
pqr paqr prop+qr q+r?
Again
0 0 1 010 p q r
A3 = A= p q r x|0 0 1 = pr p+ar q+r2
prop+qr q+r? paqr pg+rip pr+qg®+qr’> p+2qr+rd
p 0 0] |0 q O 0 0 r
=10 p 0|+ 0 O q|+]| pr qr r?
0 0 p] [pg g qr pr pr+gr® gr+rd
1 0] 010 0 0 1
=p|0 1 0|{+q|0 O 1|+r|p q r
0 0 1] pqr prop+qr q+r?
=pl+gA+rA2 = A3—rA?_gA=pl
5.(AB) 2 3 -30 i) d ‘2 4 1 5 (i)
. X—y= ...() and x = (i
Y13 3 2 Y7114 4

Multiply (i) by 2 and add to (ii) to get :
6 -6 0 4 1 5 10 -5 5 2 -1 1
5x = + = = X=
{6 6 4} {—1 4 —4} {5 10 0} L 2 0}
Multiplying (ii) by 2 and subtract (i) from it to get:
{8 210} {3 -3 o} {5 5 10} {1 1 2}
S5y = - = =>y=
-2 8 -8 3 32 -5 5 -10 -1 1-2

{3 0 3} {1 -2 —1}
= X+Yy = and x -y =

0O 3 -2 2 1 2
cos(x+y) -sin(x+y) O cosx -—sinx 0Of|cosy -siny O
6.(C) f(xx+y)=|sin(x+y) cos(x+y) Of=|sinx cosx Offsiny cosy O0|=FfXx).f(y)
0 0 1 0 0 1 0 0 1

7.(B) cos? ecosz¢+ cosOsinbcospsing =0

= cosecos¢[cosecos¢+sinesin¢]:O = cosbcospcos(6-¢)=0 = 6—¢:g

—o® -1 -o
8.A) A+B=|-1 -0 -0’

1 -0 -0

—0? -1 -o 1
®

(A+BC=| -1 -0 -0

2 2

0
=0
-1 -0 -0 ||o 0
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_plla® ab ac

0 ¢ 000
9.(A) —¢ 0 al|ba b®> bc|=[{0 0 0|=0

b —a 0 ca c¢b C2 _O 00

X+y ¥y 2] [3 [2x+y| [3 2x +y =3 X
10.(A4) |:2X x—y}{—l}_{Z} = 3x+y}_{2} 3x+y=2} y =

1
11.(B) _+E+_:O =bc+ca+ab=0
a

C

(1+a)[@+b)a+c)-1]-[1+c-1]+[1-1-b]=1

Vidyamandir Classes

= Xy =-5

= @+a)[b+c+bc|-c-b=2
= b+c+bc+ab+ac+abc-c-b=2 = bc+ab+ca+abc=A = A=abc
x3-14x2 —x 3X +A
12.(C) we have, ax? +bx3 +cx2 +50x +d = | 4x+1 3x x-4
-3 4 0

On differentiating with respect to x.

3x2-28x -1 3

x3-14x2 —x 3x+A
dax3 +3bx%2+2cx +50 =| 4x+1  3x x-4|+| 4 3 1
-3 4 0 -3 4 0
0O -1 3 0O 0 A
50=11 0 -4|+|4 3 1 = 50 = 25X = A=2
-3 4 0| -3 4 0
1+sin?0  cos?6 4sin 40 1 1 0
.2 2 R Rl—)Rl—RZ
13.(B) sin“® 1+4+cos“6 4sind46 [=| O 1 -1
Rz—)Rz—R3
sinZ @ cos?® 1+4sin4do| |[sin20 cos?0 1+4sin4d
. 2 .2 . . 1 7n 11w
=1+4sin40+cos“0+sin“0 =2+4sin40=0 = sin40=-— = = ——
2 24 24

14.(8) f(x)=x3-9x%+27x-23=0
f'(x)=3x?-18x+27 = D=0
2 H 2 H
15.(B) AB :{ _cos 0 sm_@gos@“ _cos 1) sm_q)czzosq):l
singcos@  sin“6 singcos¢g  sSin“ ¢
_ cosoc?sqﬁcos(o—qﬁ) cc_>s€s_|n¢cos(9—¢) = cos(0 - ) c059c9s¢ CC-)SGS-InqS =0, (...0_¢:£)
cos @singcos(@ —¢) sindsingcos(O — ¢) cos@sing sin@sing 2
1 1 i 0 -2 -1
16.(B) A=(2+i)|1 1+2i 1+i| =(2+i) |0 -1+2i 2i |by 2R
. . R, >Ry —Ry
1 2 1-i 1 2 1-i
= R+ {42 +(-1+2)=Q+DE -1+2)= 2+)B+2)=4+7i.
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2 2

X+1 ® ® X+1l+o+o o ®
17.D) A=| o Xx+o? 1 |=| x+l+0+0? X+’ 1 |,(C,—>C+C,+Cy)
w2 1 X+ X+1+ o+ 0 1 X+ m
1 0] o’
=x|1 x+0? 1 (“l+o+w?=0)
1 1 X+
= X[ + @®) (X + @) — 1} + o{l — (X + 0)} + 0’ {L - (X + ©°)}]
= XXX+ aox +0X+0° —1+o-aX —0 +0° —0’Xx —0*)= X3, (- 0d=1).
y+z X Yy 2 11
18.B) |z+x z x|=(X+y+2)|z+x z X
X+y y z X+y y z
By Ry > R; +R, + Ry
111
=(x+y+z)[ x z X ;byC1—>C1—C2:(x+y+z){(22—xy)—(xz—x2)+(xy—xz)}
Xy z
=(x+y+z)(x—z)2 = k=1.
x 3 7 1 1 1
19.(A) |2 x 2|=0= (x+9)[2 x 2|=0,By R, >R, +R, + R4
7 6 X 7 6 X
= X+ 9){(x? -12)-(2x -14)+(12-7x)}=0 = (x+9(x*-9x+14)=0 = (x+9)(x-2)(x=7)=0
Hence the other two roots are x=2, 7
20.(D) Fundamental concept.
2@+b+c) 0 a+b+c
21.B) A=| c+a b-c b
a+b c-a c
By Ry > R; +R, + Ry
2 0 1
A=(@+b+c). c+a b-c b
a+b c-a ¢
On expanding, —(@a+b +c)@? +b? +c? —ab—bc —ca)=—(a® +b® +c® — 3abc) = 3abc —a® —b® - c*.
22.(B) Since A=w?-20? = -w®. Therefore A =0* =0 .
10 10 1 0
23.(B) AyA = = =bd .
3B Aot gl 1 b |7| crad b
110|110 2 31 2 31 110 7 9 3
24B) A’=AA=|1 2 1|1 2 1|=|5 6 2 = A =A%A=|5 6 2||1 2 1|=|15 19 6
21 04210 3 41 3 41 2 10 9 12 4
1 00
Here, A3-3A%2=/0 1 0|=1 = A*-3A’-1=0
0 01
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25.(B) Given, Aot _1,B: a 1 = Arp=| T2 0
2 -1 b -1 2+b -2
A2_1—1 1 1] [-1 o, Bz_al a 1] |a®+b a-1
2 -1||2 -1] |0 -1|’ b -1| |b -1| |ab-b b+1
A2 4 B2 = a’+b-1 a-1
ab—b b
Also (A+B)2:1+a 0 |ll1+a O
’ 2+b -2||2+b -2
(A+B) = @+a) 0
(+b)1+a)-2(2+b) 4
(A+B) = A? 4 B2 N L+a) 0| _|a*+b-1 a-1
(2+b)a-1) 4 ab—b b

By equating, a-1=0=a=1and b=4.
3 5|3 -5 29 -25 _
26.(B) A2=AA= -  A2- andsa=| P &
-4 2 -4 2 -20 24 -20 10
2 10
A°-5A=14 =141 .
01

. i -1 -1 -1 -1
27.(D) Given, Matrix A :{O } . We know that A% = A.A = {O HO } = { 0 }
1 0 1 01 O 0 -1

8
Therefore A =(A?%)® _{_1 0} _{(—l)8 0 }:Ll) (1)}

0o -1/ | o (o
28.(B A—11
® A=,

LB
P b

An=2n—1{1 1} - Aloozzgg{l 1__

11 1 1]
.2

a0 o0][ao00] (& 0 0
29.(C) Since A?=AA=|0 b 0| |0 b 0|= b2 0
0 0 c|l|0O OcC 0 ¢

a2 0 0

And  Ad=l0 b® 0],

0 0 c
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a0 0 |[a 0 0] |a" 0 O
= A"=A"tA= 0 b"* 0 [|0 b O|=[0 b" O
0 o0 [0 O0c 0 0 c"
2 A -4
30.(A) Thegiven matrix A={-1 3 4 | isnon singular, if| A| =0
1 -2 -3
2 1 4 1 243 0
|Al=|-1 3 4|31 3 4| [R>R+R]
1 -2 -3 1 -2 -3
1 A+3 0
o 1 ) {R2—>R2+R3}
0 —41-5 -3 R; > R; —R;
=1(-3+1+5)=0 = A+220 = A1 #-2.
X2 + X X+1 x-2
31.(A) [2x>+3x-1 3x 3x-3
X2 +2x+3 2x-1 2x-1
X + X X+l x-2
Use, R, - R, - (R; + R3) = gives -4 0 0 =12(2x-1)=Ax+B

X2 +2x+3 2x-1 2x-1
= A=24B=-12 = A+2B=0
32.(D) We have
f"(x) g"(x) h"(x) f'(x) g'(x) h'(x) f'() g'(x)  h'(x)
o= g"() hx)|+[f"(x) g"(x) h"()| +|f"(x) g"(x) h"(x)
f7(x) 9"(x) h"(x) f(x) g"(x) h"(x) V) gV(x) hv(x)

f'(x) 9'(x) h(x) _ _ .
=0+0+|f"(x) g"(x) h"(x)| =0 [ f, g, harepolynomials of degree 3, f" (x) = g" (x) = h" (x) = 0]
0 0 0

= ¢ (X) must be a constant.

{1 O} 9 {1 O} 1 O}_{l O} 3_{1 OHl O} {1 0}
33.(D) We have, A= A = = A° = =
11 11]11 2 1 2 1|1 1| |3 1

1 0
Similarly, A" = o J. Now, go option by option

Clearly A and C are ruled out.

1 0] [n O] [n-1 0
(B) # +

n 1l |[nn 0 n-1

(D) Now, nA-(n-1) 1= {: O}
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34.(C) Now, PP=P (1-P)
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=PI-P?=PI-(I-P) =P-1+P=2P-1|
PP=P.P? = P*=P(P-1) = P*=2P?-P
= P4=21-2P-P = P*=21-3P = P> =P (21-3P)
= PP=2P-3(1-P) = P°=5P-3I = Pé =P (5P - 3I)
= Pé=5pP2_-3p = Pé=5(1-P)-3P = Pé=51-8P, So,n=6.
12 2] (12 201 2 ]
35.(A)3A:21—2:>A:—1—— oAtz |2 1 2p2 12
) 3 3 3 3 3 3|3 3 3
e x 2y x 2 yll2 2y
13 3 3| 13 3 33 3 3]
1 0 X+2y+4
9
_ 0 1 2X -2y +2
9
X+2y+4 2x-2y+2 x2+4+y2
.9 9 9
= X+2y+4=0 (i) 2x=2y+2=0 ...(ii)
Solve (i) and (ii)toget: x=-2 and y=-1 = X+y=-3
12 2]1 2 2 12 2 100
36.(ABD) A2—4A-5l,=(2 1 2|[2 1 2|-4|2 1 2|-5(0 1 0
2 2 1|2 2 1 2 21 001
9 8 8| [-4 -5 0 0 000
=18 9 8/+|-8 -4 -5 O:OOO=0:>A2—4A—5I3:O
8 8 9 000
AL A2 _aatA - 5A‘1I3— = (ATA)A-41;-5A1=0
= IA-41;-5A1=0 =%(A—4|3)
9 8 8
Also, |A%|= |8 9 8|=25%0 A? is invertible
8 8 9
and A3=A - AZ=A . (4A+515) = 4A% + 5A
36 32 32 5 10 10] [41 42 42
=132 36 32(+|10 5 10|=|42 41 42
32 32 36| [10 10 5| |42 42 4
= |A%|£0 = A3 is invertible.

37.(A) P'P=PP"=1=Q%=PAPT PAP" = PA% PT

12
A? =
o i)

A3 - |:(]; i:| —A"= |:2') ;-]:| = PT Q2005 pP= PT PA2005 PT p = A2005 - |:

= Q"=PA"PT

1 2005
0 1
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iA e—i(C+A) e—i(B+A)

e oA B _iC
38.(BC) z =M .e/B .¢lC e_'(C+B) elB e_'(A+B) =-1.]eA B i€
e-i(B+c) e-i(A+c) oiC _elA  _giB 4iC
Because e (A*B¥C) _ g™ _ cosntising = -1, etc.
) 1 -1 -1
:_eI(A+B+C) 1 1 1d=-2a
-1 -1 1
1 1 1
2 2 2
39.(A) (2X+2*) (3X+3“) (5X+5“)
oo e o]
Operate R, - R —R3 -4R; to get:
1 1 1
= 0] 0] 0] =0
(2X X )2 (3x _x X )2 (SX _gX )2
1 -1 1
40.(D) Since, A=|0 2 -3
2 1 O
3 1 1
B=adjA=|-6 -2 3
-4 -3 2
5 -5 5 5 -5 5
= adjB=|0 10 -15| = ladiB|={0 10 -15|=625
10 5 0] 10 5 0]
Given that C = 5A
3 3 11l ladij B|
= IC|=5°|A|=5°l0 2 -3/=625 = =1
2 1 0 €]

X +a x241 1
41.(A) f(x)=|x+b 2x2 -1 1 (differentiating column by column)
x+c 3x2-2 1

1 x2+1 1 x+a 2x 1 [X+ta x2+1 0 x+ta 1 1
2 2 Ro > Ry —Rg
f'(x)=L 2x“-1 1+|x+b 4x 1 +|x+b 2x“-1 0/[=0+2xjb-a 1 0/+0 R Ra R
3 > R3—R2
1 3x2-2 1] [X+c 6x 1 |y .c 3x2_2 0 c-b 10

=2x(2b-a-c)=0 (- a,b,c arein A.P.)
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X 2 2 [1-x 2 4
42.(CD)Given: |3 x 2|+| 2 4-X 8 [>33
3 3 x 4 8 16-X

= A1 +A >33 ()]
X 2 2
m=[3 x 2| =x(x?-6)-2(3x-6)+2(9-3x) =x-18x+30
3 3 x
1-x 2 4| 1 2 a4 ||x 2 4
Az=| 2 4-x 8 |=|2 4-x 8 |-[0 4-x 8
4 8 16-x| |4 8 16-x| [0 8 16-x

Operate Co, — Cy -2 Cq;C3 — C3 —4Cq in first determinant
1 0 O 1 2 4
=12 -x o0|-x|0 4-x 8 |=21x%-x3
4 0 -X 0O 8 16-x
From equation (i), we get

x3 -18x + 30 + 21x2 —x3 > 33

-1
= 21x? -18x -3>0 = 3(7x+1)(x-1)>0 = XE(—OO,7]U(1,OO)

n n+1 n+2
43.(AC) f(n)=|n! (n+1)! (n+2)!
1 1 1

n 1 1
R C3 —)C3 _CZ
=n! nn! (n+1)(n+1)! using :
C2 —)Cz —C]_
1 O 0]

=n!(n2 +n +1)

Thus, f(n) is divisible by n! and n24+n+1

44.D) A=0
el (2
= rr(He e (H = faeon)fas 2 fasmer)ifas 2]

Comparing coeffs. Of x on both sides,
ab=b = a-=1

Equating constant terms on both sides.

a? +b? = 2a

= 1+b%?=2 = b2 =1 = b=+1
f(x)=1+£x"
f(2)=17=1+(2* = n=4

f(5)=1+(5)* = 626
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45.(B)

46.(C)

47.(C)

48.(C)

1 3 21
We have [1x1]0 5 1|/1|=0
0 3 2|x
1
= [15x+6x+4]1|=0 = [1+5x+6+x%+4x|=0
X
-9+ /53
= x2+9x+7=0 = x:T

11 1
1 -1 -1|=0-11+3]-11+3]=-4-4=-8%0
31 1

Ry - R3-3R; R, >R, —R;
(11 1 -1
01365
0125

Ry - R3-R,
(11 1 -1
01 3 5
00 -10

R2<—>R3

13 4 3

13 41

3 91209

R, >R,-R, Ry —>R;-3R,

rank = 3

rank = 3

1 3 4 3
0 0 0 -2
0 00O
1 2 3
49.(A) v 2 4|=0
2 31
1
= 14 -2(L-8)+3(-3L,-4)0 = 18-11r=0 :>k¢E
50.(A) Rz > R5;-3R;
R, -R, 2R,
1 2 3
0 0O rank =1
0 0O
Mathematics | Matrices and Determinants 10
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adj A
51.(B) Since A™! = aan and if 1 is eigen value of A, then 171 is eigen value of Al

Thus for adj(A)X = (A X)) JAH ALY
Thus, eigen value corresponding to A = 3 is 4/3 and corresponding to A = -2 is 4/-2 =-2.

52.(A) 1+P+P%+.... +P" =0
Pre-multiplying both sides by P~*
= PLhl4+IP 4o +P" 1 =op?t = Plil@+P+P2+......... +P" =0
= Ple@+P+P24 ... +P ) = Pt=—(-P")=pP"
(1 2 3 -1 -2
53.(A) P=|2 3 4 -2 0 {‘;’ _05 _16}
3 4 5,10 A, 28
(-3 -14
P=|-8 -20 {_4 N _6}
-11 26| 0 0 1l
(12 15 4
P=32 40 28| = P,,=40
44 55 40|

54.(A) A=1(0""-1)+ 0" (0" - 0®")+ 0" (" - o™")
A =[(03)" =11+ 0 + 0*"[o" - (0°)".0"]

A=1-1+0+0"[o" -o"]=0

55.(A) Given that, | +P +P2+..+P" =0

Pre — multiplying both side by P71, we get:
plip-lp +(P_1P

P+...+(P—1P)P”—1=o
= Plit+P+..+1P"1-0 = P—1=0—|(|+P+P2...P”—1 = P—lz—l(—P“) = pl=pn

56.(C) D =diagonal [dy,d5,d3,....dn ]

dg 0 0 - 0
0 dp 0 - 0
-0 0 d3 -~ O
0O 0 O dn
As pDt =1,
— 0 o0 0
dq
4, /0 —0 - o0
= D = d2
0O 0 O =
L dn |

Mathematics | Matrices and Determinants 11 Workbook-6 | Solutions



Vidyamandir Classes

57.(C)

58.(C)

59.(A)

60.(D)

61.(A)

64.(C)

65. (C)

=

AAT <1y = A-ln=A-AAT = Al -AT)

= |A—In|:‘A(In—AT)‘ = [AfJtn - AT| = [Afltn - A

If A is a square matrix, then A - AT is a skew —symmetric matrix. Then |A — AT| is'0ora perfect square
q

as A is of odd order or even order.

1 a b
in AABC,given[1 ¢ a|=0
1 b c
= 1(02—ab)—a(c—a)+b(b—c):0 = a?+b%+c2-ab-bc-ca=0
1
= E[(a—b)2+(b—c)2+(c—a)2]:O

Here, sum of squares of three members can be zero, ifonly, ifa =b =c

= AABC is equilateral = ZA = /B = ZC = 60°
9
sin? A +sin? B +sin?C = 3sin260° = —
4

b c

By the law of sines = = =k (sa
y sinA sinB sinC (say)
= a =ksinA,b =ksinB,c =ksinC
a? ab/k ac/k 1 sinB sinC
Now  A=lab/k 1 cos(B-C) - a?lsinB 1 cos(B-C)
ac/k cos(B-C) 1 sinC cos(B-C) 1
1 sin(A+C) sin(A+B) sin A cosA OflsinA cosA 0
=a?|sin(A+C) 1 cos(B-C)| =a?|cosC sinC Of|cosC sinC 0| =0
sin(A+B) cos(B-C) 1 cosB sinB 0O|jcosB sinB 0
62.(C) 63.(B)
Forn=2
= (A_lBA)(A_lBA) - A-1B2A

3 2
(A_lBA) :(A_lBA) (A_lBA) =(A_1BZA)(A‘1BA) - A 1B3A and so on...

n
Thus (A‘lsA) - A lg"A

0 2b ¢ 0 a a
Let A=la b -c|.NowAT=|2b b -b
a -b c cC -C ¢

As Aisorthogonal = AAT =1

020 cJ[0 a a] 100 ah? + ¢
a b —-cl|[2b b -b|=l0 1 0|= | 2b®-¢?
a -b cj|lc -c ¢ 001 —2p% +¢?

Equating the corresponding elements, we get

2b% —¢?
a’ +b%+¢?

a’? -b®-¢?

~2b% +¢?
a?-b?-c?| =

a?+b%+c?

o O -
o - O
= O O
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4p?+ct=1  ...(), 2b%2-c?=0...(i)) anda®+b%+c?=1...(iii)
. . 1 1 1

On solving (i), (ii) and (iii), weget a=+—=;b=*—c=+—
g (i), (ii) and (iii), we g NGl NG 3

66. (B) Solve2x+y=5andx+3y=5togetx=2andy=1. As(x,Y) = (2, 1) satisfies the equation x — 2y = 0, we have
unique solution for given system of equations.

67-70
67.(D) 68.(D) 69.(ABC) 70.(ABC)
bc-bd d-c 0
Cofactor matrix of A is —C ac 1l-ab
d -ad ab-1

bc —bd —C d
(AdjA)=| d-c ac -ad
0 l1-ab ab-1

bc-bd —c d f bcf —bdf —cg +dh
(AdjAJ =| d-c ac -ad || g | =|df - fc +acg —agd
0] l1-ab ab-1||h g —abg +abh -h

hd - gc fc —fd
Cofactor matrixof Bis| g-h ah-f f -ag
c-d -ac ad

hd-gc g-h c-dla? a®hd —a’gc

(AdjBV =| fc  ah-f -ac || 0| = a?fc
-fd f-ag ad 0] —a?fd
From 67
0]
=| a’fc
—a’fc

Also |Al=a(c-bd)-(c-d)=abc-abd -c+d

t2 -3t +4
TLA) A=
t“+3t+4
= (.-1)t2+3(h+1)t+4(L-1)=0
Since, tis real
= 9(r+1)% -16(1-1)% 20
1
= (3A+3-41L+4)(3r+3+41-4)20 = (7-1)(7A-1)20 = 75xs7
3 -1 4
Now, A=(1 2 -3
6 5 A

[Determinant of coefficients of equations]

1
=7(r+5)=0 { 7<K<7}
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Hence the given system of equations has a unique solution.

A -1 cos6
72.(A) Determinant of coefficients=| 3 1 2 |=cos0-cos?0+6
cos6 1 2

And this is positive for all 6 since |cos 6| <1.
The only solution is therefore the trivial solution.
73.(BC)Using Rz > R3 —R»,R> - Ry — Ry, we get
X+a X+b x+a-c
A=]| k k 2k -1
k k 1+2k

x+a k -c

. C2 e d C2 —Cl
Where k = common difference A=| k 0 k-1
and C3 —)C3 —C]_
k 0 k+

= —k{k(k+1) -k (k -1)} = - 2k?
2 2
[a(dx = [-2kPax —-ak? = -16 = Kk =2.-2
0 0

74.(AB) The number of third-order determinants = the number of arrangements of nine different numbers in nine
places = 9!
Corresponding to each determinant made, there is a determinant obtained by interchanging two
consecutive rows or columns). So, the sum of this pair will be 0.

the sum of all the determinants.

9!
:O+O+O+...to?times:0

b
P ¢ Rl—)Rl—RZ
75.D) |la q c|=0 R- = R - R
a b r 2 2-7s
[~ system has non -zero solution also, Dy =Dy = D3 =0 So, D must be equal to zero]
p-qg b-gqg O 1 -1 0
0 gq-b c-r|= = (p-a)(g-b)(r-c)| O 1 -1|=0
a b r a b r
|p—a g-b r-c
0] -1 0]
As p#a,q=b,r #c, we have = 0 1 -1(=0
a b r b r

+

|I0—a q—b+r—c q-b r—c|

( CL—->C+Co +C3)
a b r a b r p q c
= + + =0 = |1+ + +1(+ =1 = + + =1
p-a g-b r-c p-a qg-b r-c p-a g-b r-c

Mathematics | Matrices and Determinants 14 Workbook-6 | Solutions



76.(B)

77.(A)

78.(D)

79.(B)

80.(C)

81.(B)

82.(B)

83.(D)

84.(A)

85.(B)

86.(C)

X b b d
A,=la x b :x3—3abx:>d—A1:3(x2—ab)
X
a a x

X
and A, =
a

|

=x’-ab=> i(Al) =3(x? —ah)=3A,.
X dx

Vidyamandir Classes

Ratio of cofactor to its minor of the element -3, which is in the 3™ row and 2™ column = (-1)*** =—1.

A® =AML= AR A% = (1) =121,

But we have to find the value of the square of the determinant, so required value is (121)* = 14641 .

-d; by ¢

-d, b, ¢

—-d; by ¢ _
From Cramer’s rule, x = Dy 795 B3 G _ ~Albcd) -

D a, b ¢ A(abc)

a, b, ¢,

a; by ¢
10! 110 12! 1 11 11x12
110 120 13'(=10!' 11! 12! |1 12 12x13
12t 13! 14! 1 13 13x14

1 11 11x12
Applying R, >R, —R; and R; —> Ry —R, = 10111112110 1 24 |=2(10! 11! 121).
0 2 50
1 3
The cofactor of element 4, in the 2™ row and 3™ column is =(—1)2+3 8 0 1 =—{1(-2)-3(8-0)+1.16}=10.
0 2
a, b, ¢ ||A, B C Ta, A 0 0 A 0 O
We know that AA'=|a, b, c,||A, B, C,|=| 0 Za,A, 0 [=|0 A 0[|=A°
a; by c;||A; By C, 0 0 Taz A, 0 0 A
= A =A%,
Fundamental concept
B, =|% “l_ac, -ca - c, =™ bl—(ab azh,)
2_a3 C3_13 193 1 2 = a3 b3_ 1~3 3M1
a C . a, by

B3:_az c, =—,C, —8,¢;) ; Cy= a, b, =a,;b, —a,b;
B, C, _| b3 —a3C —(a,b; —a;h,) _| Cs —a,b, N a,Cs3 ash, N -3¢ —aby N -3¢, agh;
B; C; —(a1€; —a,¢;)  a;b, —ayb, -a,C, ab, -8,C, —apb; ¢, b, 8,0, —ab,

2
=a; (b,C5 —b3C,) +a1h; (—C5a, +a5¢;,) +8,C;(-azh, +a,bs)+Cib; (@58, —a,a3) =aA.

Fundamental concept
1 k -1

It has a non-zero solution if |3 -k -1/=0 =

1 -3 1

-6k+6=0 = k=1.
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1

87.(D) For the system of given homogeneous equations A = |3

=-4-4+8=0
There are infinite number of solutions.

1

-1
-3 1

1 -1

88.(D) The given system of homogeneous equations has a non-zero solution if, A =0

~1|=1(-1-3)-1(3+1)-1(-9 +1)

1 1 -1
ie., 3 —a -3|=-2a-6=0,i.e.if g =-3.
1 -3 1
d" o, d" d" . ( nn) ( nn)
—x"  ——sinx ——cosXx n! sin| x+— | cos| Xx+—
dx" dx" dx" 2 2
n
89.(B) L A(x)]=| n! sin(ﬂ) cos(n—n) =| n! sin(ﬂ) cos(n—n)
dx" 2 2 2 2
a a’ a a a’ a’
n! sin (0+n—nj cos (O+n—n)
2 2
n = | i n_TE n_TE = i =
= (A (x))X:O n! sin ( 5 ) cos [ 2) 0.{Since R, =R, }.
a a? a
3 5
90.(D) Let A=|2 -3 1|, |A|=3(-7)-5@)+7()=-1
1 1 2
-7 -3 26
Adj(A)=|-3 -1 11
5 5 -19
a-1_ Adi(A)
| Al
7 3 -26
At=13 1 -1
-5 -5 19
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Solutions to Maths Workbook — 8 | Matrices and Determinants

91.(AD)

92.(ABC)

93.(ABC)

94.(ABC)

95.(BC)

96.(ABC)

97.(ABC)

Level -2

BTAB) =BTAT(BT)T =BTATB =BT AB if A is symmetric.
Therefore, BTAB is symmetric if A is symmetric.

Also, (BTAB)T =BTATB =BT (-A)B=-(BTATB)

Therefore, BTAB is skew-symmetric if A is skew-symmetric.

We have, | A®)] =1

Hence, A is invertible.

Ar+0) sin(n+0) —cos(n+0) -sin® -icos0 A6)
+0) = = =—
K icos(n+0) sin(n+6) —icos® -sin6
. sin® —icos6 1 sin® —icos6
= = = Aln -
ad| (A(e)) {—i cos® sin® } = A6 {—i cos® sin® } (r —6)
3 -3 4
[Al=]2 -3 4|=3(-3+4)+3(2-0)+4(-2 -0)=1
0O -1 1

adj (@djA)=]APF 2 A=A and |adj (adjA)J = |A] =1

Also, ladiA =l AR 1= AP=1%2 =1

At =-1=]A1=-1

Now, use adj A AJAand A=(A"1)1
adj(-A) _(-1)""adj(A) adj(A)

Ayt = = --A1 (for any value of n)
I-Al 1" 1Al -1Al

Given, A" =0
Now, (I—A)(I + A+ A%+ ..+ A" =1 A" =

or -A)t=1+A+AZ+. . +A"2

If |]A]l=0, then

AB=AC or AlAB=AT'AC or B-=C
Also, if A is orthogonal matrix, then, AAT = |
= [AAT]=1 = |AP=1 = A is invertible

a; 2y ag
Applying R3 - R3-R5, R, > R, -Ry, weget]a]=3|d d d|=0
d d d

where d is the common difference of the A.P.

Therefore, the given system of equations has infinite number of solutions. Also, | B| = al2 +a§ 0
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_ 1 0 _ 1 01 O 1 0
98.(BC) A= or (A™H? = -
-1 1 -1 1|1 1 -2 1
1 1 1
Similarly, (A™1)% = 0 Ol 0
-2 1||-1 1 -3 1
1 1 1
and (AT = Ol = Jim ZA™ = 1im /n 01 100
-n 1 nowon now| =1 1/n -1 0
1 2
lim — A = jim |2/0° 0 |00
n—wpn n-w|_1/n 1/n2 OO0
99.(AD) Here X is a n x1 matrix, C is a nxn matrix, and X' isa 1xn matrix. Hence, X 'CX isa 1x1

matrix. Let X 'CX =k. Then, (XTcX)T =XxTcT(xT)T =xT(Cc)x =-xTcx =k

= k=-k = k=0
= xTcx is a null matrix
011 1 -1 1 1
100.(ABC) S=(1 0 1 or s1=|1 -1 1
110 2 1 1 -1
01 1]
We have, SA=|{1 0 1|/lc-b c+a a-b| =|2b 0 2b
1 1 Oflb-c a-c a+b 2c 2¢c O

0 2a 2al [-1 1 1

b+c c+a bc} 0 2a 2a
0
~SAS1=|2b 0 2b|=|1 -1 1| =|b

C

20200211—1 1 1 -1
2a 0 O
=0 2b O = diag(2a, 2b, 2c)
0O 0 2

101.(ABCD) We have, A°B = A(AB) = AA = A2, B%A = B(BA) = BB = B?,
ABA = A(BA)= AB = A and BAB = B(AB) = BA = B.

102.(4) |A] = (2k +1)3 |B| = 0(since B is skew- symmetric of order 3)
2
= det (adj A) :|A|”‘1=((2k+1)3) 108
= 2k+1=100r2k =9
=[K]=4
x; ifi=j,xeR Xx 1 0
103.(BD) a; =1L ifli-jl=1 =A=|1 x 1| = JA]=x%-2x
0; otherwise 0 1 x

If f(x)=x3-2x = f'(x) =3x2 -2 = (/3x =+/2) (/3x ++/2)

2 _
So X = — point of minima and x :T is maxima.
3

NE)
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104.(C)

105.(C,D)

106.(4)

107.(A,D)

108.

(1

Vidyamandir Classes

Given MN = NM
MZNZ(MTN)_l(MN_l)T

-1

-1 T -1 T
=M (MT) (N T = MPN(MT) (N T =N (M) (NT ) T
=+M’NMINIMT = - MNMM INTIM =~ MNNIM = -Mm?2
T
(A) (NTMN) =N"MTN = NTMN if is symmetric and is —=NT MN if M is skew symmetric
(B) (MN-NM)" =N"MT-MTNT = NM -MN = —(MN ~NM ). So, (MN —NM ) is skew
symmetric
(C) (MN)" =NTMT = NM = NM if M and N symmetric . so, MN is not symmetric
(D) (adj.M)(adj.N) = (adj NM ) = adj (MN).
Given that AAT = 41 = |Af" =4
Or |A]=+2
. &1 a2 a3 C1 C21 C31
So AT = 4A_1 = 4% = |dp dyy ag =ﬁ Cy1 Cop Czp
%3 a3 833 G3 C3 C33
4 4
Now aij =WCU‘ = —ZCij =|7Cij (asaij +2Cij = 0)
Now — [A+41]=|A+AAT| = |Alll+AT| =—2‘(| +A)T‘ =2/l +A
= |A+41|+2|A+1]=0

So on comparing, we get 5L =2 = A = é Hence, 101 =4
T T

(BT AB) —BTAT (BT) - BTATB = BT AB if A is symmetric.
There fore, BT AB is symmetric if A is symmetric. Also (BT ABT) =B'ATB =8B (-A)B = —(BT ATB)
Therefore BT AB if A is skew —symmetric if A is skew- symmetric.
(A+B)C = (A+B)(A+B) " (A-B)
= (A+B)C = A-B 1)

T T -1\ T\ 1 T
¢ = (A-B)' ((A+B) | = (A B)((A+B) | fas|A+B[=0=](A+B) |0 = [A-B| =0}

— (A+B)(A-B)™ )
Form (1) and (2), we get
C'(A+B)C = (A+B)(A-B) ' (A-B)
=(A+B) €))

Taking transpose in (3), we get
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cT(a+B) (CT )T — (A+B)'

C'(A-B)C=A-B )
D) Adding (3) and (4), we get
CT[A+B+A-B]C =2A

c'AC=A
109.(B) Note AB = BA c (Al BYH 1I°
IC| 1
a b 0 a b o0 a’? bc ab b?
110.(BC) A2 ¢ 0 b c 0 b ac 2bc  ab
0 C a o0 C a CZ ac a2 bc
5 5 3 2 2
a? bc ab b2 a b 0 a> 2abc ab 2b‘c 0
A3 ac 2bc ab ¢ 0 b a’c  2bc? 0 2b%c a%h a? 2bc A
c? ac a? bc 0 ¢ a 0 2bc®> a’c  2apbc a°

A% @2 2bc)PAd (a® 2be)tA

A(A2  (2bc a®)1) 0 |A2 (2bc a®)I| Oelse A 0
111.(AB) |Al 0, A A

|IB|] 0,B' B

AB BA

AB3(B'A) Y(A B 1y'aB  AB3( A B )(BA)) 'AB  A’BA B 1(AB) 'AB A%B? BZA2
112.(BC) PT AP wul
P AT ul AP pul) ul

A DI u 3u
P P ( | P pa DU ——1I, Traceof P ——
(NI 12 121 )
113.(AB) M3 N

M3 N6 0 (M N%)(M2 MN2 N% o0

IM2 MN2 N*| 0,else M N?
IM2N2 M3 MN4| IM2N2 NS MIN*| INPIM2Z N* MNZ| 0
If (M2NZ2 M® MNY  0&|M2N?2 M3 MN*| O

System have non trivial or non zero solution.

3 1 4
114.(BC) D L 2 3
6 5 A

32n 15) (v 18) 4(5 12) 7r 35 0 for A 5
3x y 4z 3, x 2y 3z 2
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LetZOXiyg7x47y920
7 7 5 13 1
;1 « l,y i 7x 1 7y 4 31
7 7 5 13 1
115.2) abc=1
2a b c)2a b c 4a® +b%+c? 2ab+2bc+ac 2ac+ab+2bc 100
b 2¢ allb 2c a|=|2ab+2bc+ac b®>+4c®+a® bc+2ca+2ab| =430 1 0
c a 2bjlc a 2b 2ac+ab+2bc cb+2ac+2ab c?+a’+4b? 001
42 +b? +c? =a% +b? +4c? =a’ +4b% +c2 =413
ab+bc+ca=0
a’+b?+c? =273 = (a+b+c)> =273
|Al=10-2(a%+b%+c%) >0 = a®+b+c<5
a®+bd+c®-3abc=(a+b+c)@®+b?+c?—ab—bc—ca)=+2"6.273 _ 1p71/2
116.(0) A:{O 1}
30
2
N a2 a0 1][0 1] [30] _ sa_,2 .2 [30][30]_[3% o
3 0/|3 0| |03 0 3||0 3| |o 22

= A8=34 °1 and A6=A4-A2=32 0 {3 O}: 3 o
o 3* o 3%||0 3 o 3°

Let V = {X}
y

A8 A® L A% A% 1
81 0] [27 o] [9 o] [3 o] [1 o] [1212 o0
+ + + + =
0 81| |0 27| |0 9| |0 3| |0 1 0 121
8, 76 a4, a2 0
(A +A°+ A"+ A+ 1)V :{ }
11
or 121 0 ||x| | O 121x | | O
0 121|y| |11 121y | |11

= x=0andy=1/11 = V:{X}:{ 0 }
y 1/11

S AN A
5 AR

117.(4) {a } is an idempotent matrix.
c

(9]

or

1
o 9
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a?+bc ab+b-ab {a b } a2 +bc b {a b }
or = or -
ac+c-ac bc+(@-ay| ¢ l-a c bc+@-a)| (¢ 1l-a
or a’?+bc=a
a-a?=bc=14 (given)
fla)=1/4
0O 1 -1
118.2) A=|4 -3 4
3 -3 4
o 1 -1/|0 1 -1 0+4-3 0-3+3 0+4-4 1 0O
= A2-A.A=|4 -3 4 4 -3 4|=|0-12+12 4+9-12 -4-12+16| =|0 1 O
3 -3 4 3 -3 4 0-12+12 3+9-12 -3-12+16 0 0 1
= A2 =1 =AY =A% =A% = =
Now A* =
= X =2,4,6,8,...

Y(cos* 0 +sin* )

= (cos? 0 + sin? 0) + (cos” 0 + sin® 0) + (cos® 0 + sin® 0) + ...

=(cos?0+cos?0+cos®0+...)+(sin*0+sin*0+sin®0)+...
cos? 0 sin? 0 5 5

= + > =cot“0+tan“ 0O

1-cos?0 1-sin?0

which has minimum value 2

119.(1)A:{ 1 tanx}

—-tanx 1

Hence, det. A =sec?x

. det AT =sec®x

Now f(x)=det.(ATA™1)=(det. AT)(det. A1) = (det.AT )(det.A)?

det. (AT
=(det.AT) (det. A)t _det- (A1) _
det. (A)
Hence, f(x)=1
120.(9) Given A2 =A
= I =(1 —0.4A)(I — aA)
=1 -1aA-0.4Al +0.40A? =1-Aa-0.4A+0.40A =1 - A(0.4 + o)+ 0.40A
= 0.400=04+0 = aoa=-2/3 = |9u]|=6
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3ax? 3bx? 3cx?
121.(7) We have AB=| a b c
6ax 6bx 6cx

Now tr.(AB) =tr.(C)
= 3ax2+b+60x=(x +2)2+2x +5x%2 V¥ x eR (Identity)

N 3ax2+6cx +h =6x2+6x+4 = a=2c=1b=4

122.(4) Give that AAT =41

= IAP=4 or [A|=%2
< AT:4A—1:4ade :11 221 231 :izn 221 231
Al 12 822 83217 0 G2 22 O3
a3 8,3 833 Ci13 C23 Cs3
4 4
Now aij:mcij = _zcij:mcij(as ajj+2cj=0) — IAl=-2

Now |A+4l|=]A+AAT |=] AT +AT =211 +A)" | =-2]1+A]
= [A+41]+2]A+1]=0

2
So on comparing, we get 5L, =2 = A = E
Hence, 10L =4

123.(0) For idempotent matrix, A% = A
= AAZ = A7IA (~- A'is nonsingular)
or A=I
Thus, nonsingular idempotent matrix is always a unit matrix.

2-3=1 =l==%2
m2-8=1 = m=x3
n2-15=1 = n=+4 and p=q=r=0

Hence, the required sum is O.

124.(3) Equation x3 +ax? +bx +¢c = 0 has roots o, B,y . Therefore,
o+B+y=-a
oaf+PBy+ya=b

Since the given system of equations has non-trivial solutions,

We have
a B v
B v of=0
y a B
or 0c3+[33+y3—30c[3y:0 or (oc+B+y)[oc2+Bz+y2—a[3—[3y—yoc]:O
or (oc+[3+y)[(oc+ﬁ+y)2—3(aB+By+ya)]:O = —a[a2—3b}=00ra2/b=3
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a; apz ag
125.(2) We have D =|5 4 ag
ay ag ag
. 20 1
Since ay = —;d = —
n 20
20 20 11
20 — — 1 — —
2 3 2 3
20 20 20| (20| 4 2
Hence, D=|— — —|= 1 — —
4 5 6 4x7 5 3
20 20 20 3 7 7
7 8 9 8 9
Rl—)Rl—RZ and Rz—)Rz—R3
-3 -1
0o — —/
3 10 3
20 -3 -1} 50
:( ) 0 — —|=— = |[D]=2
4x7 40 9 21
7 7
1 - —
8 9

(Bry-a-8)* (Bry-a-8)° 1
126.(8) Let D =|(y+a—B-8)* (y+a-p-5)° 1
(oc+[3—y—6)4 (OL+B—Y—6)2 1
Applying Ry - R1 -R3
Rz—)Rz—R3
([3+y—oc—6)4—(a+[3—y—6)
:(y+8—[3—6)4—(a+[3—y—6)4 (y+a—B—6)2—(a+B—y—6)2 0

(oc+[3—y—6)4 (a+B—y—6)2 1

=4(p-8)(v-a).4(a-3)(y-B)

(B+y-a—8)7+(a+p-y-5) 1
x|(y+a—-B-8)% +(a+B-y-8) 1 0
(a+B-y-08)F (a+B-y-08)% 1
Applying Ry > R1 —-R»
=16(p-8)(1-a)(c~8).4(y~8) (B 0)
1 0] 0]
x|(v+o-B-8)%+(a+B-y-5)° 1 0
(a+p-y-8)* (a+B-y-5)° 1
= —64(a-B)(a-v)(a-38)(B-7)(B-3)(r-3)
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X+2 2x+3 3x+4
127.(4) A=12x+3 3x+4 4x+5|=0.
3Xx+5 5x+8 10x +17

Applying R3 - R3 —Ry and R, - Ry —Ryp

X+2 2x+3 3X+4
A=|x+1 X +1 X+1 [=0
X+2 2(x+2) 6(x+2)

X+2 2x+3 3x+4
A:(x+1)(x+2) 1 1 1 =0
1 2 6

A=(x+1)(x +2)[(x+2).4-(2x+3).5+(3x +4).1] =0

A=(x+1)(x+2)(-3x-3)= 0 or (x+1)*(x+2)=0
X =-1-1-2

AX) (XA () (A
128.0) A'=[A"(X) (A (0)"  (FA(X)"|=0
A () (xR ()Y (ALY

1 CosS a COsS B+ sSina sinB €os a cos v+ sin a sin v
129. A =|cos a cos B + sin a sin B 1 cos y cos B+siny sin B
COS 0. COS y +Sina siny cos P cosy + sin a sin y 1

cosa sina O] |cosa sina O
=|cosB sinPB O|x|cosPB sinB 0/=0x0=0
cosy siny O] |cosy siny O

(a—x)2 (b—x)2 (c—x)2 aZ -2ax +x2 b2 -2bx +x2 c2-2cx +x2

130. A:(a—y)2 (b—y)2 (c—y)2 :a2—2ay+y2 b2—2by+y2 02—20y+y2
(a—z)2 (b—z)2 (c—z)2 a2 -2az+z%2 b%-2bz+2%2 c%2-2cz+2%

1 2 a2 -2a 1 1 X x2 a2 2a 1
=y y3xp? -2b 1 =-1 y y3||pb% 2b 1
1 z z2 02 -2c 1 1 z z2 02 2c 1

X
X

=
X
X
N
=

2a a
-1y y?|= 2b b? (in second determinant C; <> C,)
1z 2% 1 2¢ c?

1 X X 1 2a a
=y y2xL 2b b2|=2x-y)(y-2)(z-x)(@a-b){-c)(c-a)
1 z 22 1 2c 02
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1+ 2ax +a2x2

Multiplying row by row, we get A =1+ 2ay +a2y2

@+ax)® @L+bx)? (L+cx)?
=|1+ay)? @+by)? @+cy)?

1+2az+a“z

2,2

1+ 2bx +b2x2 1+ 2cx +02x2
1+ 2by+b2y2
1+ 2bz +b222

1+2cy+ czy2

1+2cz +czz2

@+az)? @+bz)? (L+cz)?
a b c| [-a ¢ b
131. Keeping in mind the term 2bc —a2,wehave b ¢ alx|-b a c|=A [row by row multiplication]
c a bl |-c b a
Therefore,
a b c|la b c|] [a b 02
A=lb ¢ allb ¢ al=b ¢ a|l =[afc-a?)+blac-b2)+c@b-c2)? =[3abc-a3 -b3 -3
c a bjflc a bl |[c a b
ah +bg gc ab+ch a ah +bg a ch
132. Rewriting the given determinant, we have A=—|bf +ba fc hb+bc|=-—|bf +ba h bc
c c
af +bc c? bg+ fc af +bc g fc
1 ah +bg a ab+ch
By operating in second determinant C; — C5 +bC,, we get A =—A; — — bf +ba hb +bc
¢ af +bg bg + fc
ah +bg —a2 ab+ch ah +bg gc—a2 ab +ch a h g 0O a b
=—A;+—|bf +ba -ah hb+bc|=—bf +ba fc-ah hb+bc|=-—h b fix|-a 0 ¢|=0
¢ Claf+bc -ag bg+fc| © 2 “lg b 0
—ag bg+ic af +bc c“-ag bg+ fc 9 ¢l | ¢
COS X —Sin X C€Oos X sin X Ccos X sin x sin X cosX sin x
133. ——=|cos X -Sin X COSX|+|-Sin X —-cosX -—sin X|+|cosX -Sin X oS X
dx 1y 1 1 X 1 1 1 0 0
sin X €O0S X sin X .
=0-|sinx cosXx sinx|+1 CO_SX sin x =O+(coszx+sin2x)
—sin X cos x
X 1 1
dn
(xM nt 2
dx" n! nt 2
n n
nn nn nn
134. [f(x)] = (cos x) cos— 4| =[cos|x+—| cos— 4 nez)
dx" dx" 2 2 2
no . nn . nn . nx
(sin x) sin— 8| |[sin|x+—| sin— 8
dx" 2 2 2
n
= dXn[f(x)]X:()zo
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2 2

2
ca-b® ab-c a

bc-a b ¢
135. ca-b2 ab-c2 bc-a?|is formed by the cofactors of matrix b ¢ a
ab-c? bc-a? ca-b? cahb
bc-a? ca-b2 ab-c?l |5 p ¢ la b clla b ¢ a? c2  2ca-b?
= [ca-b2 ab-c? bc-a?|=p ¢ a|l =b ¢ a||l-c -a —b|=|2ab-c2 b2 a2
ab-c?2 bc-a? ca-b2| |c a b c abjjb ¢ a b2 2bc —a? c?

136. The matrix of rotation will be [COS 60" —sin60 ]

sin60°  cos60°
Since each side of the square is x, we have

{1/2 —ﬁ/Z}_l{l —Jﬁ}
B2 w2 | 23 1

2
x2+x2=(2«/§) Or X =2units

Therefore, the coordinates of the vertices O,A,B,C are (0,0),(2,0),(2,2)(0,2), respectively.

Let after rotation A, B, C map into A',B,' C,' respectively, while O maps into itself. Then,

HEPHEMER

- A(2,0) > A (143)

Similarly, Bﬂ:%{\lﬁ _f}m{lf; *jﬂ » B(22)-B(1-V343+1)

And Bﬂ:%{\/g _f}m{‘f} L c(02)»C (B
137.(AD) a® 10 @ pE* 1 0,a® 1 0 @ E°C A 1 o0

Common roots are roots of a° 1
X, Y, Z have real part positive

2 . . 2n 2n . . 2n
Let x 1, y cos— isin—,z cos— isin—
5 5 5 5

1XX2111

o [y v |x y 1z, x Ny 2@ %°?

1z 22 xzyzz2

2 2
1 cosz—n isinz—n 2isin2—n cosz—n isinz—n 1 4sin® 2_7: 1 cosz—n sin? 2—n
5 5 5 5 5 5 5

138. Determinant of coefficients is

2sinAcosA sin(A+B) sin(A+C)
A=|sin(A+B) 2sinBcosB sin(B+C)
sin(A+C) sin(B+C) 2sinCcosC
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sin AcosA +sin AcosA sinAcosB +sinBcosA sin AcosC +sinCcosA
=|sin AcosB +sinBcos A 2sinBcosB sinBcosC +sinCcosB
sin AcosC +sinCcosA sinBcosC +sinCcosB 2sinCcosC

sin AcosA +sin AcosA sinAcosB +sinBcosA sin AcosC +sinCcosA
=|sin AcosB +sinBcosA sinBcosB +sinBcosB sinBcosC +sinCcosB
sin AcosC +sinCcosA sinBcosC +sinCcosB sinCcosC +sinCcosC

sinA coA O|lcosA sinA O
=|sinB cosB O|jcosB sinB 0[{=0
sinC cosC Ol|cosC sinC O

X1 Y1 21
139. LetD=|xo yo Zo
X3 Y3 Z3
D2 -DxD

X1 Y1 22| |X2a Y1 21
=|X2 Y2 Z2|X|X2 Y2 Z2
X3 Y3 Z3| |X3 Y3 Z3

1 [ b1 ezl xa vz
=——laxz byz czp|x|x2 y2 Z2
abc
axz bys cz3| [x3 y3 z3
axl2 + byl2 + 0212 axqX, +byy, +€2925,  axgxq +bygy; +€2324
1
= E axqX, +byy, +cz42, ax% +by% +cz% axo,Xg +byoys +€2524
axgXq +bhygy; +€z321 ax,Xg +bysyg +¢2524 ax% +by§ +cz§
d f f
=—/|f d f
abcle ¢ g
1 d+2f f f
=——d+2f d f [C; >C1+Cp+C3]
abCly, 2t f d
1 f f
(d+2f)
=—n d f
abe h o g
1 f f
(d+2f)
=—|0 d-f O
abc 1 " d
(d+2f)

[Rz - RZ - Rl]

(d+2f) (d+2f)(d-f)
~ ahbc (d=F)d-f) = abc
/
= D:(d—f){d;bch}l " _Rhs

Mathematics | Matrices and Determinants 28 Workbook-6 | Solutions



Vidyamandir Classes

asb; +bja;  ab, +ash;  abg +bjag
140. A =lasby +bya; asb, +ash, ajsbg+agh,
agb, +bgza; agb, +bza, agbg+asgbs
a; by O |by a4 O
=la, b, Ojxb, a, 0|=0 1)
ag bz 0| |bg az O

(row by row multiplication)
Now, ax2+2hxy+by2+29x +2fy+c
= (Ix +my +n)(I'x +my +n") = 11I'x2 +(Im+ml")xy +mm'y? + (In'+1'n)x +(mn'+m'n)y +nn"
Comparing the coefficients, we wet

a=1I"h =%(Im‘+ml'),b =mm',g = %(In#l'n), f = %(mn'+m'n),c =nn'

a h g
h b f
g f ¢
I %{Hﬂtkmlj %(nf+rn)
1 1
- E(Im‘+m|‘) mm'" E(mn'+m'n)
1 1
E(In‘+|‘n) E(mn‘+m'n') nn'
211" Im'+1'm In+1'n
=—|Im'+I'm 2mm'’ mn'+m'n
In+1'n mn'+m'n 2nn'
=0 [From (1)]

141.(2) Applying in C; - C; +C, +C,, then

1 @+b?%)x @+c?)x

fX)=11 14p% (@+c?)x (ra?+b%2+c?2+2=0)
1 (1+b2)x 1+c2x

Now, applying R, - R, -R; and R3 - R3; -R;

1 @+b%)x (L+c?)x

f(x)=|0 1-x 0 =(1-x)?

0] 0 @-x)

Hence, degree of f(x) = 2.

142.(841)
3 2 1
A -14 15|=0
1 2 3
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= 3(-42-30)+2(31-15)+1(2A +14)=0 = 8\ = 232
A =29 = 22 =292 841

143.(2) Differentiating w.r.t. X, we get

-sinx x 1 cosx 1 1 cosx x O
-f'(x)=]2cosx x2 2x |+|2sinx 2x 2X |+|2sinx y2 2
sec2x X 1 tanx 1 1 tanx x O
-sinx 1 1 cosx 1 O
—m: 2cosx X 2X |+|2sinx x 2 (-~ the second determinant is zero)
sec2x 1 1 tanx 1 O
011 110
= —Xlimwzz O O(+|0 0 2|=-2
20X 111 lo1o

144.(1) Applying C; - C; -2sinxC3 and C, — C, +2cosx C5, we obtain

2 0 -sinx

f(x)=| O 2 Ccos X
sinx —cosX 0
=2sin?x +2cos?x =2
= f'(x)=0
/2 /2
J.[f(x)+f’(x)]dx= IZdX:Z(ZJ:n
0 0
3a -a+b -a+c

145.(3) Let | -b+a 3b b +c
-c+a -Cc+b 3c

Applying C; - C; +C, +Cg3, we get

a+b+c -a+b -a+c 1 -a+b -a+c
A=|la+b+c 3b b+c|=(@+b+c)[l 3b -b+c
a+b+c -c+b 3c 1 —c+b 3c

[Applying R, - R, —R{,R3 - Ry —Ry]

1 -a+b -a+c
=(@+b+c)0 2b+a -b+a
0 —c+a 2c+a

[Expanding along C, ]
=(@a+b+c){2b+a)(2c+a)-(-b+a) (-c + a)}
=(a+Db+c) {(4bc +2ab + 2ca +a?)—(bc —ab —ac +a?)}

=(a+b+c)(3bc+ 3ab + 3ca)
=3@+b+c)(ab+ bc+ca)

146.(6) Applying C3 - C5-C, and C, — C, -C,, we obtain
1 0 0]
A= d1(%q) Xo —Xq X3 — X3

X 2 _2 2_2
¢2(x1) X5 =X7 +by(X5 =Xq) X5 =X5 +by(X3-X5)
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1 1
=(Xo —Xq)(X2 =X
(x2 1) 3 2) X5 +Xq +by x3+x2+b1

= (Xo =Xq)(Xg = X5)(X3 = X1)

= (Xg = X3)(X = X3)(X3 = Xq1)

147.(8) Since we should be able to solve (i) and (ii) for x and y, we must have ab ~h? 0. We can rewrite (iii) as

X@x+hy+g)+yhx+by+f)+gx+fy+c+t=0.
Since any solution of (i) and (ii) must be a solution of (iii), the given system of equations can be rewritten
as
ax+hy+g=0,hx+by+f=0
and gx+fy+c+t=0

Since the above system of equations is consistent, we must have

a h g
h b f |=0
g f c+t
a h g a h o
h b fi+|h b 0[=0
g f c g f t
2 2 2 2 abc+2fgh—af2—bg2—ch2
= [abc + 2fgh —af © —bg“ —ch“]+t(ab-h“)=0 = t=
h? —ab
x3-1 0 x —x4
148.(9) b, =| O x — x4 x3_1 | is the determinant formed by the cofactors of the determinant
x-x* x3-1 0
1 x x2
D=| x 2
x? 1

Hence, D, = D?=32=9

149.(1) A2=3A-2I

Now, A%=(A%)?=(3BA-217
=9AZ _12A x| +412

=9AZ _12A + 4l
=9(3A-21)-12A + 4l
=15A -141

A8 = (A%? =(15A -141)?

= 225A2 _420A x| +19612
= 225(3A - 2I) — 420A + 196I
= 255A — 254|

150.(2) |JAl =2; Bl =3;|C| =5

2
_1APIB]

det(A’BC7 1) =] A%BC ] ici
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_4x3 _}g
5 5
151.(4) ATA=1
a b clfa b c|] [1 00

= b ¢ ajlb ¢ a|={0 1 0
|[c a bjjc a b 0 01
_a2+b2+c2 ab+bc+ca ab+bc+ca 1 00

= ab+bc+ca z2,p2,.2 ab+bc+ca|=|0 1 O
|ab+bc+ca ab+bc+ca z2, p2 o2 0 01

= a?+b%+c2 =1 ...(i)

and ab+bc+ca=0 ...(ii)

Now, ad+b3+c3
:(a+b+c)(a2+b2+02—ab—bc—ca)+3abc
=@+b+c)+3 (D)

Now, (a+b+c)2:a2+b2+02+2(ab+bc+ca)
=1+2x0=1

= a+b+c=1 (- a, b, c are real positive numbers)

Now from equation (iii), a®+b3+c3=1+3=4

152.(896)
! a O a o0
A = r =
Sae2T o6 0]
r=0 r=0
7 7
Zar:2r~(7cr)
r=0 r=0
and b:Zbr:Z(7—r)-(7Cr)
r=0 r=0
7
= a+b:7z c, =7(27)=7x128 =896
r=0

153.(8) Since, the system of equations has infinitely many solution, therefore D =D; =D, =D5; =0

111
Here, D=1 2 3|=120-9)-a-3)+13-2)=a-5
1 3 a
115
and D=1 2 9|=12p-27)-1B-9)+53-2)=-13
138
Now, D=0
= a-5=0 = a=5
and D;=0 = B-13=0
= B=13

B-a=13-5=8
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ab
154.(4.5) Let the matrixbe [p q
Xy

We have five entries 1 and the remaining four entries are 0.

Cc
ri.
z

Since, the matrix is symmetric we must have an even number of zeros for i = j.
Hence, we have two cases

(i) Two entries in the diagonal are zero. We can select two places from three (in diagonal) in 302
ways.

(i) Now we have to select elements for the upper triangle.

For the upper triangle, we have three places of which one entry is O and two entries
are 1.

One place from three can be selected in 301 ways.

Hence, the number of matrices is 302 x 301 =9

1 7
155.(1) X =——,y =
(1) 137
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Solutions to Maths Workbook — 6 | Matrices and Determinants

JEE Main Archive
1 k 3
1.(C) For non-zero solutions, we have |3 k -2/=0
2 4 -3
= 1(-3k +8)-k(-9+4)+3(12-2k) =0 which gives k =11

Now, the system of equations become

X+11ly+3z=0, 3x+11ly-2z=0, 2x +4y -3z =0
The equation (i) and (iii) gives 3x +15y =0 i.e. X = -5y
Putting x =-5y in (i), we have -5y +11y +3z =0

-5y)(-2
= z =-2y Now %:L(Zy)
y y

2.(D) As both sides are polynomial in x, let's set x =0 to obtain
-4 0 O
0 -4 0|=A3
0O 0 -4

=10

which gives A2=64 . A=-4

taking x common from all rows of given determinant, we get

4 4 4V
2 1-— 2 |=|B-——|[1+—
X X X

1 2 2
Take the limitas x > toobtain 2 1 2/=B = B=5
2 21

Alternative solution :
The most efficient way to obtain the result is to use this result

a b b
b a b|=(a+2b)@a-b)?
b b a

This result gives A=-4,B =5

Note that the determinant, when a =b, vanish and all the three rows become identical hence (a —b)2 isa

factor.
3.(A) Let A :{a (ﬂ; a,b,c,deR o (i)
C

According to given condition, we have
a bil1 2 A0
= for some scalar 2.
c d||0 3 0 2
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= a=»> (i), 2c+3d =) ... (i)

and c=0 ...(iv); 2a+3b=0 e (V)
R -2\ A

Using (ii), (iii), (iv) and (v), weget a=A,b=——,¢c=0,d ZE

Also, |3A]=108 = 32]|A|=108 = |A]=12

Putting the values of a, b, c and d in (i), we get oo (Vi)
2L
A — 2
3 A -
A= = |Al=— o (Vi)
A 3
0 —
3
2

A
From (vi) and (vii), we have ? =12 > 2?=36 = A=16

-4 -4 -4 24 - -32
Put A =6, WegetA:6 A2:6 6 :36 8:36 3
0 2 0O 2|0 2 0] 4 0 4
11 1
4.(D) For unique solution 2 1 -1=0
3 2 k
= Ik +2)-12k +3)+1(4-3)#0 = -k +2-3+1#0 = k=0 S =R -{0}
a 1l
5.(D) The given system of equations has no solution 2 2/=0
5 3
Applying Ry - R; -R5, R, > R5, —R3
0 a-2 -1
= 0 -3 -1=0 = a=-1
1 5 3
Now, for no solution, (adj A)B =0
-4 8 -4
adj(A)=|-1 2 -1
3 -6 3
-4 8 -4]|3
= (@adjA)B)=|-1 2 -1||6|#0 = -12+48-4b+#0 = b=#9
3 -6 3||b
6.(D) Given, (A-3I)(A-51)=0 A% _8A+15] =0
Post multiplying by A~L on both sides, we have
A-AAT_ga.Ali151.A1 -0
-1 -1 1 15 -1 .
= A-81+15A""=0 = A+15A =81 = EA+7A =4l ()
o 1 1 15
Comparing (i) with aA +BA™" =41, we get oc:E and B=7
1 15
o+Bf=—+—=8
2 2
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100
7(C) A=[110
11 1
100 100 100 100 1 0 O
A2=|2 1 0:A%=|3 1 0[;A%*=|4 1 0|: A°=|5 1 0/,..A%0-|20 1 O
321 6 3 1 10 4 1 15 5 1 210 20 1
3

Given, B=AZ%0].. ag; in A" = Zail of A" and ay; iNA" =ag, in A" =n
i—1

Sum of the elements of the first column of B=1+20+210 =231

8.(A) Given, A:{2 _3}
-4 1

Then, A satisfies the characteristic equation A2 _3A-101 =0
Now 3AZ +12A = 3(3A+101)+12A =21A + 30l

_[42 -e3] [30 o] _[72 -63
-84 21 0 30| |-84 51
51 63}

adj(3A% +12A) =
84 72

T p
B R

1
9.(C) The equation can be written as | 1
a

11 1 |1 1 1
Let A=|1 a 1=[0 a-1 0/=—(1-a)?
a b1 a b 1
The necessary conditionis A=0 = a=1
But for a =1 the equation becomes
X+y+z=1
X+y+z=1
X+by+z=0
For no solution b =1. Then S is a singleton set.

0 COSX -sinx
10.(D) Let A =|sinx 0] COS X
COSX sinXx 0

| A]=0(0 - cosx sin x)—cosx(0 — cos? X)-sin x(sin2 x-0)=0

= cos3x —sin®x =0
= tan®x =1 = tanx =1
\/§+tanx \/§+1 1+\/§
z = x (- tanx =1)
Xesl—\/gtanx 1—\/5 1+\/§
1
. +3+2£:i_2@:_2_\5
-2 -2 2
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2 4 -
11.(B) Let A=|4 A 2
A2 2

For the system of linear equations to have infinitely many solutions, | A]=0

2 4 A
= 4 L 2/=0
A2 2
= 2(21 —4)-4(8-20) - A(8-2%)=0
= A3 +40-40=0
Number of solutions = 1 (lies between 3 and 4)
12.(A)
13.(A) A+B=2B' = (A+B)=(2BY = A'+B'=2B
A'+B’
= B =
2
B! ’
Now, A+( ]:ZB’ [ A+B=2B"]
3B'- A’
= 2A+B'+A'=4B" = 2A+A'=3B' = A= >
Also, 3A+2B=1l,4 . (1)
3B’ - A’ A'+B’
= 3 +2 =ls
2 2
9B’ + 2B’ 2A'-3A’
= + :I3
2 2
= 11B'-A'=2l3 = (11B'-AY =(2l5)
= 11B - A =2l .. (2

Multiplying (2) by 3 and then adding (1) and (2), we get
I3
35B=7l; = B=-2
5
| | |
From (2), 11-2-A=2l; = 113 -21,=A = A=2
5 5 5

5A=5B=I; = 10A+5B =3I,

14.(B) We have AAT —{53 —b}ra 3] _[25a2+b2 15a—2b}

3 2][-b 2] | 15a-2b 13

A(adj A) = AAT is known, so equating the two expression,

25a2% +b? 15a-2b| [10a +3b 0
15a-2b 13 0  10a+3b

We have, 10a +3b =13 and 15a -2b =0
On solving, weget a=2/5,b=3
Then, 5a +b=2+3=5
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1 2 -1
15.(D) The system AX =0 has non-trivial solution iff detA=0 ie., A -1 -1/=0
1 1 -\
= (L +1)-AM-2%+1)-(A+1)=0
= A-2=0 = AW%-1)=0 . 2=0,1,-1
cosx sinx sinx
16.(C) We have, |sinx cosx sinx|=0
sinx sinx cosx
COSX —sinx 0 sin X —cosXx
Applying Ry - R; -R3, R, > R5, —R3 0 cosX —sinx sinx —cosx|=0
sin x sinx COS X
COSX —sinx 0 sin X — cosXx
Applying C53 —C5 +C, 0 COSX —SinX 0] =0
sinx sinx sin X + CoS X

Expanding along first column, we get (sin x —cosx)2(23in X +cosx)=0

= CosSxX =-2sinx or COSX =sSinXx
-1 (1) = i
= tanx = — or tanx =1 = x=-tan —|,— Two solutions.
2 2) 4
3 o1 NER]
17.0) P=| 2 2 |pT=| 2 2
1 43 1 43
2 2 2 2
PPT =PTP =|

Q2915 —(PAPT)(PAPT).......(2015 terms) = PAZO15pT pTQ2015p _ 52015
az_[taffr a1 2] | s [t o2f21]_[13
0 1|0 1| |0 1 0 1//lo 1| |o 1

1 201 1 201
A2015 _ 015 So, pTQ2015p _ 015
0] 1 0] 1

18.(A) We have, A2 —5A =-7I

1
= AAA T _5AA L= 71A7 = Al-BI=—7AT > Al =7(5| - A)

Also, A3-2A2_3A+1=ABA-T1)-2A%2-3A+I

=5A2 -7A-2A%2 -3A+1=3A2 —10A +| =3(5A-7)-10A +1 =5A —201 =5(A —41)

19.(D) We have, A = B G Rt | e P
3 1 3 13 1| |9 -2
Also, JA]=-1

Now, A2016 52015 _ 52014 _ p2014(p2 _5p )

20 5

| A2016 _ 572015 _ p2014 14 22014 || A2 5 _ || o A ROL4 e

=-25
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20.(A)

21.(B)

22.(C)

23.(C)

The system is (2 -A)X; —2X, +X53=0
2% —(B+AX5 +2X3 =0 —Xq+2X5, -AX5=0
For non-trivial solution, the determinant of the coefficient matrix must vanish. Then

2-» 2 1
2 -3-A 2|=0

1 2 -

= (2 -3 +1) -4} +2{-21 -3} +24 - (3+A)} =0

= (2-M)(A2+31L-4)-4rL-6+1-2=0 = (2-2)(%+3L-4)-5L-5=0
= -1 -D)(A+4)-50+1)=0 = (L-1)(-2% -21+8-5)=0

= -2 +2L-3)=0 = (*-1%(1+3)=0

Thus, A =1,1,-3 .. Setof all A's contain 2 elements.

-

T_ AlfAY} _

As AA' =9I, we have =1
3)| 3

1
]

1 1
Hence, EA is an orthogonal matrix. Now EA =

WY WwNW|E
WINW|IFW|N
|
Wl N

We know that row (column) form mutually orthogonal unit vectors.

a 2 b)) . . . 2 2
Then 555 is a unit vector, gives a+4+b“=9

Also, a+2b+4=0 and 2a-2b+2=0
The solution is (-2, -1), which is consistent with all the equations.

1
1ll=xyz-(X+y+2z)+2
z

P P X
P < P

Since AM.>G.M.

X+y+2z )1/3

> (xyz Y3

= X+Yy+2z2>3(xyz

For least value of xyz,xyz — 3(xyz)1/3 +22>20
= t3-3t+2>0 (Put t =(xyz)¥3) = t+2)t°-2t+1)>0 = t=-21

So, least value of t3 = xXyz is -8

-1
Given that A = E }

0
1
So, AZ:{O OJ = AZ-

A3:O 1;A4:1 O:I
-1 0 01

If we check, then options (A), (B), and (D) are correct.

2
Now, for option (C), A% +1 = 00 LAAZ - 1) = 0
0 0 2 0
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24.(A) Given that |5adj A5
3. _ 1
= 5% |adj A5 = ladj Al=—
52
31 1 : ]
= 1A =— (- ladji AHA™)
5
|Al-+=
= =+—
5
2 2 -1
25.(B) Put x =1 on both sides, weget 4 3 O(=a-12 = a=24
6 1 1
26.(A) T (A AT AIAT)T
=(AAT(AT) (AT =(ATAT (AR
= AHATA AT = AHAATIAT = (ATAYAT AT =11 =1
Recall that (AB)T =BTAT and that the matrix multiplication is associative.
3 l+o+p 1+a?+p2 1 1/ 1 1
27.(B) 1+a+p 1+a2+[32 1+a3+[33 = a B o o
+a2+[32 1+a3+[33 1+0c4+[34 2 [32 B [32
=[A- )@ -B)B - )
On comparison, K =1
28.(B) If A is non-singular matrix, then |A| = 0.
AAT = ATand B= A1AT
BB’ = (ALAT)(AAT)T = ATATA(A™YT [ (A) = A]
= AtaaT (AT [- AAT = AT A]
=1IAT(AHT = AT(AHT = (AN [- (AB)T =BT AT]
1T =
29.(B) Given equations can be written in matrix from AX =B
k+1 8 X 4k
Where, A= , X = and B =
k  k+3 y 3k -1
For no solution, |A| = 0 and (adj A)B # 0
k+1 8
Now, |Al= =
k k+3
= (k+1)(k+3)-8k=0 = k®+4k+3-8k=0 = k?-4k+3=0
= (k-1)(k-3)=0 = k=1lor=3
Now, adjA= k+3 -8
e e
k+3 -8 [ 4k k+3)(4k)-8(3k-1)| |4k®-12k+8
Now, ade B= - = ( 2)( ) ( ) = *
k+1][3k-1] [-4k®+(k+1)(3k-1)| | -k®+2k-1

Vidyamandir Classes

(By multiplication of determinants)
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. 4-12+8 0
Put k=1: (adjA)B= = (not true)
-1+2-1 0
. 36-36+8 8
Put k=3: (adjA)B= = #0 (true)
-9+6-1 -4

Hence, required value of k is 1.

Alternate Solution : Condition for the system of equations has no solution.
y b o ) k+1 8 . 4k

N k  k+3 3k-1

az_g Co
k+1 8 2 2
Take —=—- = k®+4k+3=8k = k“°-4k+3=0 = (k-1)(k-3)=0
k k+3
k=13
If k =1, then i;&ﬂ (not true) If k =3, then §¢4—3 (true)
1+3 2 6 9-1

Hence, only one value of k exists.

30.(B) If A is matrix of order n, then |adj Al = |A|n_1

1 o 3
Given, P=[1 3 3 |P|=1(12-12)-(4-6)+3(4-6) = 2a -6
2 4 4
P = adj(A) [Given]
P|=ladiAl=|A" =16 =  20-6=16 = 2a=22 L a=ll
1 0 O] 1 0
31.(D) Given matricesare A={2 1 0|, Auy=|0|andAu, =|1
3 2 1) 0 0
To find matrix u; +u,. Since both Au; and Au, are given, hence adding them we get :
1 0] [1+0 1
A(up+uy)=|1|+|1|=]0+1 =  A(y+uy)=|1
0] |[0] [0+0 0

Since, A is a non-singular matrix, i.e., |A| # 0, them, we get :
-1

1 1 00 1
A‘lA(u1+u2)=A‘1 1] = u+uy= 1 0 x[1| ... (i)
0 3 21
1 00
Now, [Al=[2 1 0 =1><; S‘—0+0 [by expanding the determinant along row 1]
3 21
= |Al=1

Now, cofactor matrix of A (i.e., the matrix in which every element is replaced by corresponding cofactor)
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32.(C)

33.(A)

34.(A)

Vidyamandir Classes

(|10 2 0 2 1]
2 1 |31 32 T
1 -2 1 1 -2 1 1 0 O
s T o o | B T adi(A)=|0 1 2| =|2 1 o0
21 B B o2 WA= N
0 0 1 0 0 1 1 21
00 10 |10
1o [2 0 2 1]
1 00
1 _adj(A)
= A= = |2 10 [~ |A=1]
A
1 -2 1
100171 o0 o] 1+0+07 [1
From Equation (i), weget: u+u, =2 1 x|1|=[-2 1 O0|x|1]| .. uy+uy,=|-2+1+0|x|-1
3 21 0 1 -2 1| |0 1-2+0 -1
Given :
(1 Two matrices P and Q of order 3x3 such that P = Q

(ii) P? = Q% and P’Q = Q%P
To find the value of determinant of P2 +Q?. On subtracting the given equations, we get : P° - P?Q = Q% - Q2P
= P2(P-Q)=Q%*(Q-P) = (P—Q)(P2+Q2)=O
Now, since P = Q [Given]
= P-Q#0 = [P?+Q%=0 = P?+Q?=0
Since, equation has non-zero solution.
4 k 2

= A=0 k 4 1/=0
2 21

= 4(4-2)-k(k-2)+2(2k-8)=0 = 8-k?+2k+4k-16=0 = k?-6k+8=0
= (k-2)(k-4)=0 = k=24

Hence, number of values of k is two.

Since A and B are symmetric matrices AT=Aand B" =B

Now, to check A(BA) is symmetric.
Consider [ A(BA)]' =(BA)"- A" = (ATBT A" = (AB)A= A(BA)

So, [A(BA)}T = A(BA) = A(BA) is symmetric

Similarly, (AB)A is symmetric.

So, Statement | is true. Also, Statement 11 is true, as if A and B are symmetric.
= (AB) is symmetric, if AB = BA ie., AB commutative

Hence, both the Statements are true but Statement Il is not a correct explanation of Statement I.
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35.(B)

36.(A)

37.(A)

38.(D)

39.(D)

40.(D)

X—ky+z=0,kx+3y—kz =0 and 3x+y—z =0 has trivial solution.

1 -k 1
= k 3 —kl#0 = 1(-3+k)+k(-k+3k)+1(k-9)=0 = k—3+2k?>+k-9%0
3 1 -1
=  2k%+2k-12#20 = k’+k-6%0 = (k+3)(k-2)=0
k#2,-3
keR—{Z,—3}

Determinant of skew-symmetric matrix of odd order is zero and of even order is perfect square.
So, Statement | is true.

Now, det(AT) = det(A) and det(-A) = (—1)n det(A) So, Statement 11 is false.
0
Here, H ={m }
0 o
2 K
sz{m 0}{0) 0}= o 0 - HK_|© 0
0 o||0 ® 0 o 0 of
K +1 70
Then, HX*=|® 0 T o I L
0 k1 0 ®? 0 o

The given system of linear equations can be put in the matrix form as

1 2 1][x 3] 1 2 1][x 3
R2_>R2_2R1
2 3 1| % |=[3]~|0 -1 -1||x,|=|-3 by
R3—)R3—3R1
3 5 2 X3 1 _0 -1 -1 X3 -8
(1 2 1][x 3
~[0 1 1{|x|=]3 [by Rs > R3—Ry ]
10 0 0]|x 5

Clearly, the given system of equations from solution.

Alternate Solution :
Subtracting the addition of first two equations has no third equation, we get : 0 = —5, which is an absurd result.
Hence, the given system of equations has no solution.

1 * *

Consider |* 1 *|. By placing 1 in anyone of the 6* position and 0 elsewhere, we get 6 non-singular matrices.

E 1
* * 1

Similarly, |* 1 * | gives alteast one non-singular matrix. Hence, we get atleast 7 non-singular matrix.
1 *

*

A satisfies A —tr(A)- A+ (det A)l =0

On comparing with A2 —1 =0, we get : tr(A)=0,|A=-1
Therefore, Statement | is true but Statement 11 is false.

Alternative Solution :
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b
Let Az{a };a,b,c,dio

c d

2

Now, Azz{a b]{a b} - A2=a+bc ab+bd

c dj[c d ac+cd bc+d?

AZ = = a2+bc=1,bc+d2=1andab+bd=ac+cd=0

Also, c#0andb=0 = a+d=0,tr(A)=a+d=0and|A|=ad—bc=—a2—bc=—1

Hence, Statement | is true but Statement |1 is false.

RN

a a+l a-1 a+l b+1 c-1 a a+l a- a+l a-1 a
41(C) |-b b+l b-1+(-1)"la-1 b-1 c+l=|-b b+l b-1+(-1)""|b+1 b-1 -b
c c-1 c+1] a -b ¢ c c¢c-1 c+1 c-1 c+1 ¢
a a+l a- a+l a a-
=[-b b+1 b-1+(-1)"" b+l b b-1 [C, <> Cs]
c c-1 c+1 c-1 ¢ c+1
-~ a a+l a-
= 1+(—1)”*2J -b b+1 b-1. Thisisequal tozeroonly, if n+2 isoddi.e, nisan odd integer.

c c¢c-1 c+1
42.C) |adj Al =|A" = |AF T = A

adj(adj A) = |A" *A=|A"A= A

Hence, both the statements are true but Statement Il is not a correct explanation of Statement I.

43.(D) Let A{a b} E ET{; ﬂ [ A2=IJ

c d
2
[a +be ab+bd]={1 0} = b(a+d)=0,c(a+d)=0and a® +bc =1

ac+cd bc+d?| [0 1
bc+d? = = a=1
d=-1
b=c=0
10 , [1 01 0] [1 0
If A ,then A“ = = =1,A=I1,A=-1
0 -1 0 -1jj0 -1 01
det(A) = —1 (Statement I is true). Statement 11, tr(A) =1-1=0, Statement Il is false.

44.(A) Given equation are x—cy—bz =0,cx—y+az =0and bx+ay—z =0

1 -c -b

For non-zero solution, c -1 a|=0 = 1(1—a2)+c(—c—ab)—b(ac+b):0 = 1-a?-c?-abc—abc-h?=0
b a -1

= a?+b%+c?+2abc=1

45.(D) As det(A)==1, A" exists

1
And At = djA)=x(adjA
& det(A)(aj ) (aj )
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All entries in adj(A are integers. Hence, A™! has integer entries.

1 1 1
46.(B) Giventhat, D=1 1+x 1 |=0
1 1 1+y
Applying C; - C, -C; and C3 - C3-C;,
1 00
=1 x 0]=xy Hence, D is Divisible by both x and y.
1 0 vy
5 50 o 5 5, all5 5¢ o1 |25 25¢+5a* 10a +25a°
47.(C) Since, A=|0 a 5a A=|0 a 5a¢||0 a 5a|=|0 a? 5a2 + 25a
0 0 5 0 0 5|0 0 5 0 0 25

25 25a+5a? 10a +25¢2

2 2
= |Wl=o @? safiasa|=2s® BN g5’
0
25
2 : 1
= 625a° =25 [Given] |a|=§
48.(A) Since, A’-B®=(A-B)(A+B) A?-B?=A%-B’+AB-BA = AB=BA

0 b
1 2fjla 0 a 2b a 0|1 2 a 2a
Now, AB= = and BA = =
3 4|0 b 3a 4b 0 b||3 4 3b 4b
If AB =BA,then a=Db.Hence, AB = BA is possible for infinitely many values of B’s.

50.(A) . A2_A+1=0 = AA_AtA+ANI=0 = (AlAA-(AA)+AT=0
=Y A-1+At=0 = Al=1-A

. 1 2 a o0
49.(C) Giventhat, A= {3 4} and B = { }

1+a’x  (140%)x (1467 )x
51(A) Giventhat, f(x)=|(1+a’)x 1+b*x (1+c*)x
(1+a2)x (1+b2)x 1+cx

1+a’x+x+b2x+x+c2x  (1+b%)x (1+c?)x

Applying C; - C; +C, +C3, we get : f(x)=x+a2x+1+b2x+x+czx 1+b%x  (1+¢?)x

X+a2x+x+b2x+1+c%x (1+b2)x 1+c2x
1+(a2+b2+c2+2)x (1+b2)x (1+c2)x 1 (1+b2)x (1+c2)x
=1+(a2+b2+c2+2)x 1+b?x (1+c2)x =1 1+b%x (1+02)x [-.-a2+b2+c2:—2,given]

1+(a2+b2+c2+2)x (1+b2)x 1+¢2x 1 (1+b2)x 1+¢2x
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0 0 x—1
Applying Ry > R; - R3,R, > R, —R3,weget: |0 1-x X—

1 (1+b2)x 1+¢2x

(RN

_‘ 0 x—l‘

2
=(x-1
1-x x-1 (X )

Hence, f(x) is of degree 2.

a 1
52.(D) The system of given equations has no solution, if |1 « 1|=0
1 1 «a
a+2 1 1
Applying C; > C;+C,+C3, |a+2 o 1|=0
a+2 1 «a
1 1 1
Applying Ry - Ry =R, R3 > R3 =Ry, (¢ +2)|[0 a-1 0 [=0
0 0 a-
= (a+2)(a-1’=0 . a=1-2

53.(C) Since, a,ay,....., ay,.... arein GP, then loga _,loga ., ,l0gay,>,....,10ga, g,.... arein AP

IOg a, IOgan+1 IOgan+2 a a+d a+2d
Given that, A=|loga,,s; loga, ., loga,.s A=la+3d a+4d a+5d|=0
IOgan+6 IOgan+7 IOgan+8 a+6d a+7d a+8d
Where a and d are the first term and common difference of an AP.
a d 2d
Applying C; - C, -C,C3 > C3-C; = A=la+3d d 2d|=0 [Since, two columns are similar]
a+6d d 2d
0 0 -1
54.(D) The given matrix, A=| 0 -1 0
-1 0 O
(A) It is clear that A is not zero matrix
100 -1 0 O
(B) Now, (-1)=-1j0 1 0|=/0 -1 0 |#A . (-1)=A

001 0 0 -1

-1
(C) Now, |A|=0+0-1 01 =-1(-1) =1. Since, |A|# 0, 50 AL exists.

0
0 0 -1][0 0 -1 100
(D) Now, A?=|0 -1 0[O0 -1 0O =Y A%2=10 1 0 A=
-1 0 0][-1 0 0 001

55.(D) Since, B is the inverse of matrix A, i.e., B = AL,

4 2 2
10A1=|-5 0 «
1 -2 3
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4 2 2 4 2 2|1 -1 1
—~  10A'A=|-5 0 «|A = 101=|-5 0 «f[2 1 -3 [ AlA = '}
1 -2 3 1 -2 3|1 1 1
100 0 O 10 0 0
= 0 10 0|=|-5+a 5+a -5+a| = -5+a=0and5+a =10 = a=5
0 0 10 0 0 10
1 2a a
56.(C) Since, the system of linear equation has a non-zero solution, then L 3b b|=0
1 4c c

Applylng R2 - R2 _Rl’ R3 - R3 - Rl’ we get .
1 2a a
= 0 3b-2a b-a=0 = (3b-2a)(c-a)-(4c-2a)(b-a)=0
0 4c-2a c-a
= 3bc —3ba — 2ac + 2a2 = 4bc — 2ab — 4ac + 2a° = 2ac =bc+ab
1

On dividing by abc both sides, we get % = l+—
a ¢

So, a, band c are in HP.
b

57.(B) Given that, Az{a
b a
A2_|% B

B «a

A2 - AA= a bila b

777 |b allb a

N A2 a’+b® ab+ba N {oc B}z a’®+b?> 2ab . a—a?+b?and § - 2ab
ba+ab b?+a? B «a 2ab  a®+b?

L 1

1 " 0)2n

58.(B) Giventhat, A=|o" o 1 |= 1(0)3” —1)—0)” (cozn —0)2”)+032“ (co” —0)4”)
2n 1 n

Q) Q)
=1(1—1)—0+a)2n (a)n —a)n) [ w® =1}
=0
59.(D) Since, I, mand n are the pth, gth and rth terms of a GP whose first term is A and common ratio is R.
| = ARP~? = logl = log A+(p-1)logR
Similarly, logm = A+(g-1)log R and logn = log A+(r-1)log R
logl p log A+(p-1)logR p
Now, [logm q 1=|logA(g-1)logR q
logn r log A+(r-1)logR r
0 p
Applying C; — C; [ C3log A+(C, —C3)logR],=|0 g 1=0
0 r
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60.(A) Let A=[1—i -1 o’-
-i “lto-i -1
1-i -1 o’-
Applying Ry &> R; +R3, weget: [1-i -1 w? - [
-i “lteo-i -1
=0 [Since, two rows are identical]

61.(B) Given matrix A is a symmetric and matrix B is a skew-symmetric.

AT-A and BT =-B

. 2 3 . .
Since, A+B=L_) _J (given) ...(i)

On taking transpose both sides, we get

.
(A+B)T {2 3}

5 -1
2
= AT +BT { 5} ...(ii)
3 -1
Given, AT —Aand BT =-B
2
= A-B= 5
3 -1

On solving equation (i) and (ii), we get

aeff Afanae? ]
S s

62.(B) Given matrix

0O 2y 1
A=12x y -1|,x,yeR,x=Y)
2x -y 1
For which
ATA =3I,
0 2x 2x][o 2y 1] [3 0 0 gx2 O
= 2y 'y -yl||2x y -1|=|0 3 0| = 6y
1 -1 1(2x -y 1 0 0 3 0

Vidyamandir Classes

O+ = —1}

2

O O W

o W o

w O O

Here, two matrices are equal, therefore equating the corresponding elements, we get

8x2 =3 and 6y2 =3
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= x:i\/g andy:J_ri
8 2

There are 2 different values of x and y each.

So, 4 matrices are possible such that ATA= 3l

63.(C) Given, matrix A :{COS“ —sin Ot}

sino.  cosa

A2 _ cosa -sina||/cosa -sina
sina  cosa |[sina cosa

_ cos2 o —sin2a —cosasino —sinoacosa
sina.cosa +cosasina _sin? o + cos? q

cos2o -Sin2a
sin2a  cos2a

Similarly,

AN _ {c?s(na) —sin(noc)},n N
sin(na) cos(na)

N A32 _ c?s(32a) —-sin(32a) _ 0 -1 (given)
sin(32a) cos(32a) 1 0
So, cos(32a) =0 and sin(32a)=1
= 320 = E = o= l
2 64
64.(A) Given matrix
100 0 0O 1 00
P=/3 1 0(=/3 0 0|+|0 1 O = P=X+1(let)
9 3 1 9 30 0 01

Now, P°=(1+X)°

=1 +°C1(X) +2C,(X2) + °C5(X3) + ..

[“1"=1,1- A=A and (a +x)" ="Cpa" +"Cla" x +...+"C x" ]
0 o o]fo o0 o] [o 0 O 0 0o oo o 0] [o 0O
Here, X2=(3 0 0|3 0 0|=|0 0 O|and X3=X2.X=|0 0 0|3 0 0|=|0 0 O
9 3 0/|9 30|/ |9 00 9 0 0/|9 3 0|/ |0 0O
000
= Xx4=x>=|0 0 0
000
000 000 1 0 0 2 00
So, P>=1+5/3 0 0[+10/0 0 0|=|15 1 0| and Q=1+P°={15 2 0 = a1
9 30 9 0 0| (135 15 1 135 15 2
= d5q =15,q3; =135 and g3, =15
Here, U21t0s1 15+135 150

d32 15 15
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65.(B) Given, AAT =

66.(A)

67.(A)

Ko 2q ] 100
= 2q q —-q(=/0 1 O
0 01
[0+492 +12 O+2q r2 0-29°+r2| 1 0 o
= O+2q r? p +q +r2 pz—qz—r2 =0 1 O
0-2q +r2 p2-g%-r2 p?2+q?+r2| |0 0 1

Vidyamandir Classes

We know that, if two matrices are equal, then corresponding elements are also equal, so

492 +12 =1=p? +q? +r? (i)
2q2—r2=03r2=2q2 ... (i)
and p?-g°-r2=0 ... (iii)
Using Equation (ii) and (iii) in equation (i), we get
492 + 292 =1 . (iv)
= 6g2 =1
= 2p2 =1 [Using equation (iv)]

1+cos?0  sin?6 4cos66
Let | cos?0 1+sin2@ 4c0s66 |_g
cos2 0 sin2g 1+4cos66

Applying C; —» C; +C,, we get

2 sin2e 4cos66
A=|2 1.sin?g 4cos6d |=0
1 sin2g 1+4cos66

Applying R; — R; -2R5; and R, - R, —2R3, we get
0 -sin®0 -2-4cos60

A=|0 1-sin?9 -2-4cos66|=0
1 sin29 1+4cos60

On expanding w.r.t. C;, we get

= sin® 6(2 + 4 cos60) + (2 + 4 cos 60)(L - sinZ 0) = 0
= 2+4c0os66=0 = 00569:—3:005@ or (:osﬂ
2 3 3
= eo=2r 4T o=T 2" ~0el0r
33 9 9 3
X -6 -1
Given equation | 2 -3x x-3|=0
-3 2Xx Xx+2

On expansion of determinant along R, we get

X[(3%) (x + 2) =2x(X - 3)] + 6[2(x + 2) + 3(x — 3)] - 1[2(2x) - (-3X) (=3)] = 0
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= X[-3%2 - 6X — 2x2 + 6X]+ 62X + 4 + 3x — 9] -1[4x —9x] =0
= x(—5x2)+6(5x—5)—1(—5x):0 = —5x3 +30x -30+5x =0
= 5x3 -35x +30=0 N x3-7x+6=0
. 2
Since all roots are real Sum of roots = _ coefficient of x~ =0
coefficient of x3
X sin® coso
68.(C) Given determinants are A =| —-sin® -x 1
cos o 1 X
X sin20 cos26
= x3 +siN0coSH —SiNBCosO +x cos20 — x +xsin?2e =-x3 and Ay, =|-sin20  -X 1 X =0
cos 20 1 X
=-—x3 (similarly as A;) So, according to options, we get A; + A, = —2x3

69.(B) Given Ll) ﬂ{é ﬂ{é ﬂ{; nl—l}{; 718}
o
e )

o o

o

1

nn-1)
1L (n-D+(n-2)+...+3+2+1| 1 2 |_|1 78
1o 1 “lo 1 o 1

Since, both matrices are equal, so equating corresponding element, we get

w:783n(n—1):156
=13x12=13(13-1) = n=13
so.  a[t 18]_aa_[r -18
0 1 0o 1
[ if|A|=1andA={a b},then A‘l{d _b}]
c d - a
2

70.(D) Given, quadratic equation is x
Then, a+p=-1 and af =1

+X +1=0 having roots a,p.

Now, given determinant

y+1 o B
A= o Yy+B 1
B 1 Y +a

On applying R; — Ry + R, +R3, we get
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Y+1l+o+B y+1l+a+B y+1l+a+B

A= a y+B 1
B 1 y+a
y |y y
o Y+ 1 [+ a+p=-1]
B 1 y+a

On applying C, - C, -C; and C5; — C5 -C,, we get
y 0 0
A=|la Y+B-a 1-a
B 1-p y+a-B
=ylly +B-a)ly -(B-a))-1-a)d-B)] [Expanding along R, ]
=yly? -(B- 0y -@-a-p+ap)]
=yly? -p? —a? +2ap -1+ (o + B) — o]

=y[y? —(a.+B)% + 20 + 2ap —1+ (o + B) — ap]

=yly?-1+3-1-1=y° [+ a+B=-1 and o =1]
1 1 1
71.(C) Given, matrix A={2 b ¢ |, so
4 2 2
1 1 1
det(A)=|2 b ¢
4 p? c?

On applying, C, - C, -C; and C3 - C3 -Cy,

1 0 0
We get det(A) =2 b-2 c¢-2
4 b%-4 c%-4
| b-2 c¢-2
1b2-4 -4
b-2 c-2
“lb-2)b+2) (c-2)c+2)
1 1
:(b—2)(c—2)b+2 c+2

[Taking common (b - 2) from C; and (c - 2) from C, ]
=b-2)(c-2)(c-b)
Since, 2, b and c are in AP, if assume common difference of AP is d, then
b=2+dandc=2+2d

So, |A|=d(2d)d = 2d° € [2,16] (given)

= d® 18] = de[L2]
2+2d e[2+2,2+4]=[4,6]

= c €[4,6]
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1 sin® 1
72.(A) Given matrix A =|-sin0 1 sin®
-1 -sing 1

1 sin0 1
= det(A)=|A|=|-sin6 1  sino
-1 -sin® 1

=1(1+ sin? 0) — sin 6(—sin O + sin 0) + 1(sin? 0 + 1)

= |A| =21 +sin? 0) ..(i)

As we know that, for 0 e (TT]

sinee(—l 1]
V272
= sinzee{o,lj
2
) 1
= 1+sin 96|:O+1,2+1j
= 1+sin266{1,3j
2
= 2(L+sin?0) <[2,3)
= \A\ el2,3) c (23}
a-b-c 2a 2a
73.(B) Let A= 2b b-c-a 2b
2c 2c c-a-b

Applying R; — Rq + R, +R3, we get

a+b+c a+b+c a+b+c

A= 2b b-c-a 2b
2c 2c c-a-b
1 1 1
=@+b+c)|2b b-c-a 2b (Taking common (a + b + c) from R;)

2c 2c c-a-b

Applying C, - C, -C; and C5; — C5-C,, we get

1 0 0]
A=@+b+c)|2b —(@a+b+c) 0
2c 0 —(a+b+c)

Now, expanding along R;, we get

A:(a+b+c)1~{(a+b+c)2—0} :(a+b+c)3:(a+b+c)(x+a+b+c)2 (given)
= (x+a+b+c’ =(@a+b+c)
= X+a+b+c=x(@a+b+c)
= x =-2@a+b+c) [ x=0]
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log, ajaX log, arza'g log, aga'j

74.(D) Given |log,ajal log,ataf log,akak |=0
r  k r k r .k
log, azag loggagag log, agajg
On applying elementary operations
C, »C,-C; and C3 -»C5 -Cy, we get
rok r k rok r k rok
log, a;a, log, asas —log,aja, log, aza, —log, aja5
log, aza'g log, aga'g ~log, aZa'g log, aga'7‘ ~log, aZa'g =0

r  k r k r k r Kk r k
log, azag log, agag —log, azag log, aga; - log, azag

r,k r Kk
r ok asa asa
log, ajal log, f i Ioge[ :r” :
a;ap 182
r k r k
= aca aga =0
rok 596 6%7
Iogea4a5 log, . Ioge[ ; k]
ajag azag
r k r Kk
r K aga agag
log, abag log, % Ioge[ ? ko
azag azag
r+k pr+2k r+k p 2r+3k
log, a" KR log, % log, %
a" R a"t™*R
= log o kR 3r+ak log af tkR4r+sk log af tkRSr+6k | |- o
e e e
ar+kR3r+4k ar+kR3r+4k
r+k p 7r+8k r+k p 8r+9k
|og ar+kR6r+7k |Og & |Og i
e e e
ar+hR6r+7k ar+kR6r+7k
r+kpk r+k 2r+2k
log.(@ ™R™) log, R log, R
= IOge ar+kR3r+4h IOge Rr+k IOge R2r+2k -0
IOge ar+kR6r+7k IOge Rr+k IOge R2r+2k
r+kpk r+k r+k
log.(@ ™ R"™) log, R 2log, R
. Ioge(ar+kR3r+4k) |Oge Rr+h 2 |Oge Rr+k — O
Ioge(ar+kR6r+7k) |Oge Rr+k 2 |Oge Rr+k

[+ logm™ =nlogm and here log, R2+2K log, R2A+K) - 2log, RMK]
Column C, and C5 are proportional,

So, value of determinant will be zero for any value of (r,k),r,k e N.

Set ‘'S’ has infinitely many elements.

2 b 1
75.(C) Given matrix, A=|b b%+1 b|b>0
1 b 2
2 b 1
So, |A|=p b%+1 b|=2[2(b? +1)-b?]-b(2b ~b)+1(b? ~b? -1)
1 b 2

= 2[2b% +2-b?]-b% -1
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=202 +4-p2-1=b%+3

2
det(A) _b +3=b+3
b b
Now, by AM >GM, we get
b+§ 3 1/2
b>lpx> {+ b>0}
2 b
= b+—22\/§

So, minimum value of deE)(A) = 2\/5

-2 4 +d (sin®)-2
76.(A) Given, A= 1 (sinf9)+2 d
5 (2sin®)-d (-sin6)+2+2d
-2 4+d (sin9)-2
A=|1 (sin6)+2 d

5 (2sin®)-d (-sin®)+2+2d
-2 4+d (sin®)-2

=1 (sing)+2 d (R3 > R3-2R5 +Rq)
1 0 0]
=1[(4 +d)d —(sin 6 + 2)(sin 6 — 2)] (Expanding along R3)

=(d? +4d -sin? 0+ 4)
=(d? +4d + 4)-sin? 0
=(d +2)* —sin?0

Note that | A | will be minimum if sinZ0 is maximum ie., if sinZ0 takes value 1.

‘ ‘min

Therefore (d+ 2)2 -1=8
= d+272=9
= d+2=+3
= d=1-5
5 20 1
77.(C) Given matrix B is the inverse matrix of 3 x 3 matrix A, where B=|{0 2 1
a 3 -1
1 -1 1
We know that, det(A)= o det(AT) =
det(B) det(A)
Since, det(A)+1=0 (given)
1 +1=
det(B)
= det(B)=-1
= 5-2-3)-20(0 —a)+1(0-20)=-1
= ~25+2a% -20.=-1
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N 202 -20.-24 =0
= a?-a-12=0
= (a—=4)a+3)=0 = o=-3,4

So, required sum of all values of o iIs4-3=1

t -t t

e e " cost e " sint
78.B) |A|=|e' -e'cost-e'sint —e'sint+e cost
et 2etsint —2e 7t cost
1 cost sint
:(et)(e‘t )(e‘t) 1 -cost-sint -sint +cost
1 2sint —2cost

Applying R, - R, —R; and R; - R3 - R;, we get

1 cost sint
=e 1|0 -2cost-sint -2sint +cost
0 2sint-cost -2cost -sint
2
)

= e‘t((2cost +sint)” +(2sint —cost)z)

= e‘t(5coszt +5$in2t)

Vidyamandir Classes

(taking common from each column)

(expanding along column 1)

=5et (- cos?t +sin’t =1)

= |Al= 5etz0

Ais invertible for all t e R

forallteR

[ If |A| =0, then Ais invertible]

79.(C) Given, ABAT‘:S
= IAIIBIIAT |=8 [ IXY I=IXTIY 1]
IAFIB|=8 (D) [ 1AT |=]A]]
Also, we have ‘AB‘1‘=8 = |A||B_1|=8
A .. _ _ 1
1Al _g ..(ii) { 1A 1|=|A|1=}
1Bl 1Al
On multiplying equation (i) and (ii), we get
A]° -8.8-43
= |A] = 4 = g[-121_2_1
8 8 2
Now, ‘BA‘lsT‘=|B|i|B|: i1
1A] 2)al2) 16

80.(C) We have, A:{Cose _S'ne}

sin® cosoO

|A|:cosze+sin29:1

and adj A = co_se sin®
-sin® coso
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81.(A)

[ IfA:{a b},thenadez{d _b}]
c d a

N A-l_ co_se sin® A_l_ade
-sin® cos6 1Al
Note that, A~>° :(A‘l)50
Now, A2=(A1)AD
N A2 _ co_se sin® co_se sin®
—-sin® cos6 || —sin® cos6
_ cos2 0 —sin?0 cosBsin®+sinbcos6
—C0s0sin®-cosOsing _sin20+cos20
_| cos20 sin20
| -sin26 cos26
Also, A =(A?%)A™
A3 cos20 sin20 || cos6 sin®
-sin26 cos20 || -sin® coso
cos360 sin360
—-sin30 cos 360
Similarly, A-50 _ co_sSOE) sin 500
—-sin500 cos5060
. 25
cos—mn  sin—m n
= 6 6 where 6 = —
. 25 25 12
-sin—mn cos—n
L 6 6
_cosﬁ sinZ
= 6 6 [+ cos 25t =cos| 4n+ = |=cos™ and sin 25t =sin| 4n+ = :sinﬁ]
.om T 6 6 6 6 6 6
-sin— cos—
L 6 6
YER!
|2 2
-1 V3
L2 2

Given system of linear equations is
[sin 6]x +[-cos6ly =0 ..(i)
and [cotb]x +y =0 ...(ii)

Where [x] denotes the greatest integer < x

Here, A= [sin®] [-cos6]
[cot 6] 1
= A =[sin 0] —[-cos6][cot 0]
When 6e (nan
2 3
sind e [Jg,lj
2
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= [sin6]=0 ... (iii)
—Ccos6 e(o,lj
2
= [-cosB]=0 ...(iv)
and cotb e (—\%,OJ
= [coto]=-1 ...(v)
So, A =[sin 0] -[-cos6][cotb] - (0 x(-1))=0

From equations (iii), (iv) and (v)
Thus, for 6 (223“] the given system have infinitely many solutions.
When 0e n,ﬁ ,sinf e —E,O
6 2
= [sinf]=-1

—cos0 e [\/zglj = [cos0]=0

and cotee(\/g,oo) = [cotfl=n,neN
So, A=-1-(0xn)=-1

Thus, for 6 (n?] the given system has a unique solution.

82.(C) Given, system of linear equations

X+y+z=6 ... (i)
AX + Ay —AZ =A -2 ... (i)
and 3X+2y-4z=-5 (D)
has infinitely many solutions, then A =0
11 1
= 4 L -A|=0 = 1(-4r +21)-1(-16 +31)+1(8-31)=0
3 2 -4
= -8L+24=0
= A=3

From, the option X\ = 3, satisfy the quadratic equation A2 -1L-6=0.

83.(C) Given system of linear equations

X+y+z=5 ... (i)
X+2y+22=6 ... (i)
X+3y+Az=p (D)

The above given system has infinitely many solutions, then the plane represented by these equations
intersect each other at a line, means (x + 3y + Az — )
=pXx+y+z-5+q(x+2y+2z-6)
=(P+gx+(+29y+(p+20)z-(5p + 60)
On comparing, we get
p+q=1Lp+2q=3,p+29=~»~
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and 5p+6g=p

SO, (p! q) = (_1! 2)
= Ar=3and p=7

84.(B) Given system of linear equations

2x+3y-z=0
Xx+ky-2z=0
and 2x -y + z = 0 has a non-trivial solution (x, y, z)
2 3 -1
A=0=|1 k -2|=0
2 -1 1
2k-2)-3(1+4)-1(-1-2k)=0
= 2k-4-15+1+2k=0
= 4k =18 = k :g
2
So, system of linear equations is
2x+3y-z=0 ... (i)
2Xx+9y-4z=0 ... (i)
and 2x-y+z=0 (D)
From equations (i) and (ii), we get
1
6y -3z :O%:E
From equation (i) and (iii), we get
4x +2y=0:>£=—E
2
So, XX y_ 1.z {.-vzl
z 'y z 4 X z 2
£+X+—+k:—£+£—4+g_£
y z 2 2 2 2
85.(C) Given system of linear equations
x-2y+kz=1 ... (i)
2x+y+z=2 ... (i)
and 3x-y-kz=3 ... (iii)

has a solution (x,y, z), z=0

On adding equations (i) and (iii), we get
X-2y+kz+3x-y-kz=1+3
4x -3y =4

= = 4x -3y -4=0

This is the required equations of the straight line in which point (x, y) lies.

86.(B) Given system of linear equations is
X-cy-cz=0,
cx-y+cz=0

and cx+cy-z=0

We know that a homogeneous system of linear equations have non-trivial solutions iff

A=0
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1 ¢ -
= c -1 c |=0

c c -1
= J(l—c2)+c(—c—02)—c(cz+c):0
= 1-c2-c2-c3-c3-c2=0
= —2¢3-3c2+1=0
= 2c3+3c?-1=0
= (c+1)[202+c—1]=0
= (c+1)[202+2c—c—1]:0
= (c+1)(2c-1(c+1)=0
= c=-1 orE

2

Clearly, the greatest value of c is %

87.(C) The given system of linear equations is

X -2y -2 =2X
X+2y+z=Ly
-X-y-Az=0

Which can be rewritten as
@L-A)x-2y-2z2=0
= X+(2-Ay+z=0
X+y+Aaz=0
Now, for non-trivial solution, we should have
1-2 -2 =2
1 2-» 1 |=0

1 1 A
[ If a;x+byy+ciz=0;a5Xx +byy+cyz =0;a3Xx +bgy +c3z=0has a non-trivial solution, then
a; b ¢
a, b, ¢, |=0]
ag bz ¢c3
= @-ME-MA-1+2[A-1]-21-2+A]=0
= (-2 -21+1+2-2]=0
= (-1°=0
= A=1

88.(A) Given system of linear equations,
@A+o)x +py+z=2
oX+1L+B)y+z=3
oX +By+2z =2

Has a unique solution, if
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1+a B 1
o (@+B) 1|=0
o B 2

Applying R; - R; -R3 and R, - R, —-Rj3

10 -1

01 -1(%0

a B 2
= 12+B)-00+a)-10-a)=0
= a+pB+2=0 ..(i)

Note that, only (2, 4) satisfy the equations (i.)
89.(A) We know that, if the system of equations
a;X +byy +¢yz =d;
asx +byy +c,z =d,
agX +bgy +c3z =ds

has more than one solution, then D =0 and D; =D, = D5 =0. In the given problem.

a 2 3
D;=0=|b -1 5|=0
c -3 2

= a(-2+15)-2(2b -5¢)+3(-3b+c)=0
= 13a-4b+10c -9 +3c =0

= 13a -13b+13c =0

= a-b+c=0

= b-a-c=0

90.(A) We know that,
The system of linear equations
a;X +bjy +cyz=0
a,x +byy+c,z=0
agX +bgy +c5z =0
Has a non-trivial solution, if
a; by ¢
a, b, ¢, |=0
ag by c3
Now, if the given system of linear equations
X+3y+7z=0
X+4y +7z2=0
and (sin30)x +(cos20)y +2z =0
has non-trivial solution, then
1 3 7
-1 4 71=0
sin36 cos20 2
= 1(8 - 7c0s20)-3(-2-7sin30)+ 7(-cos20 —-4sin30) =0
= 8-7c0s20+6+21sin360-7c0s20-28sin36=0
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-7sin30-14co0s20+14 =0

U

~7(3sin0-4sin®0)-14(1-2sin?0)+14 =0

U

- sin3A =3sin A -4sin® A and cos2A =1-2sin? Al

—

= 28sin30+28sin%0-21sin0-14+14 =0
= 7sin0[4sin?0+4sin0-3]=0
= sinO[4sin? 0 +6sin0-2sin0-3]=0
= sinB[2sinB(2sin6+3)-1(2sin6+3)]=0
= (sinB)(2sin6-1)(2sin6+3)=0
. . 1 . 3 .
Now, either sin®=0 or 5 smE);t—E as-1<sin6<1
In given interval (O,n)
sin® :E
2
- L [+ sin®=0,0e(0,m)]
6 6

Hence, 2 solutions in (0, )

1 -4 7
91.(A) (@) Here, D=| 0 3 -5|=1-27+25)+4(0-10)+7(0+6) [Expanding along R; ]
-2 5 -9

=-2-40+42=0
The system of linear equations have infinite many solutions.
[~ system is consistent and does not have unique solution as D = 0]

= D;=D,=D3=0
g 4 7
Now, D;=0=|h 3 -5|=0
k 5 -9
= 9(-27 + 25)+ 4(-9h +5k)+ 7(5h -3k) =0
= -2g —36h + 20k +35h —21k =0
= -2g-h-k =0
= 2g+h+k =0

92.(D) According to Cramer’s rule, here
11 1 10 0

D={2 3 2 =2 1 0

2 3 a’-1| |2 1 a%-3

(Applying C, -C, -C; and C3 - C3-C;)

-a?-3 (Expanding along Ry )
2 1 1 2 1 0]
and D;=| 5 3 2 |=| 5 3 -1

a+l 3 a%2-1| |a+1 3 a%-1-3

(Applying C; - C5-C,)
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2 0] 0]
|5 3.2 1
2
a+1 3—(a;1) a?-1-3

. 1
(Applying C, —»C, —501)

2 0 0
=| 5 1/2 -1
5 a
a+l —-— j2_
> o a 4
1, - 5 a .
=2|=@“-4 ——— Expanding along R
{2( )+(2 ZH (Expanding along R, )
a? 5 a 2 2
=2|—-2+—-—|=a“-4+5-a=a“-a+1
2 2 2

Clearly, when a =4, then D =130 = unique solution and when |a| = V3, thenD=0and D, #0

When ‘a‘ = \/5 then the system has no solution i.e. system is inconsistent

7 6 -2
93.(A) Wehave |3 4 2|= 7(-20)+6(20)+2(10)=0
1 -2 -6

so infinite solution exists
Now, Equation (i) + 3 eq (iii), we get 10x -20z =0 = X =2z
0 1 2
bj; b, bg| [3311 33 37ag

b3; b3z bazz| |3%a;; 3%a,; 3%as,
B|=3x3%2x3x32|A| = |A|:i
9

95.(13) x+y+z =6

X+2y+3z=10

3X+2y +AZ =p

In first two equations. Put z =0

X+y=6

X+2y=10,y=4,x=2
(2,4,0) should satisfy plane (3)
6+8=p; u=14

Now put y =0

X+z=6 ; x+3z2=10,;2z2=4 =z =2
(4,0,2) is a point on plane (3)
12+20=14; 2L =2 ;A =1

pn-22=14-1=13.

Mathematics | Matrices and Determinants 63

Workbook-6 | Solutions



Vidyamandir Classes

96.(0) A:F 2},.{1 0}
9 4 01

|A - M| =0 characteristic equation

2-n 2
9 4-

(2-2)(4-2)-18=0 ; 2?2 -61+8-18=0 ; A2 -61-10=0 ; AZ-6A-101 =0
A-61-10A"1=0 ;10a1=A-6I

X+a X+2 x+1
97.0) f(x)=|x+b x+3 x+2
X+C X+4 X+3
Apply Ry =R; +R3 - 2R,
1 0 0
= f(x)=x+b X+3 X+2 :(x+3)2—(x+2)(x+4):1 f(x)=1:>f(50)=1
X+C X+4 X+3
98.(B) Given equation,
2

X“+x+1=0
o =000
Taking o =o
11 1 1+1+1 l+0+0? 1+’ +o 300
Azil o) c02 ;A2= lro+02 1+02+0t 1+0% +02 =£0 0 3 :>A4=I
\/5 1 o ot 1+ +0 1+0° +0° 1+ot +0° s 030

Now, A31-AZ8,A3_-(A%)'xA3 = |xA3=A8
99.(C) The system of linear equations
2x +2ay +az =0
2x +3by +bz =0

2x +4cy +cz =0 has non zero solution
Then D =0,
2 2a a 1 2a a
2 3b b|=0; 1 3 bl=0
2 4 c 1 4c c
1(3bc —4bc)-2a(c -b)+a(4c-3b)=0
= 3bc —4bc - 2ac +2ab +4ac -3ab =0 = -bc+2ac+2ab-3ab =0

-bc —-ab = -2ac
bc +ab = 2ac
2 1 1 1 1
= —=—t - = -, =
b a c ab
100.B)x+2y +3z=1
3Xx+4y+5z =p

are in AP

1
C

4X +4y +4z =5

1
Here D=|3
4
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12 3

Dy=|p 4 5|=4p-25-4=22u-5-2)
5 4 4
11 3

D,=[3 u 5|=-8u+45+8=-4(2u-5-2)
4 5 4
121

Dy=[3 4 p|=4p-26-4=2(2u-5-2)
4 4 %

For inconsistent system D = 0 and atleast one of D;,D5,,D3 should be non zero.
=2u-6-2=0 Now check option

101.(672) Sum of diagonal elements of AAT =3 = a121 + a122 + a123 + a%l + a%z + a§3 + a%l + a§2 + a§3
Therefore out of these 9 terms, 6 terms should be zero and remaining 3 terms are either +1 or -1
= Number of total possible matrices = 9(:6 x2x2x2 =672

102.(A) Given system of equations
AX+2y+2z2=5; 2AXx +3y+52=8; 4x +Ly +62 =10

A2 2
2L 3 5/=0
4 A 6

x(18—5x)+2(2o—12x)+2(2x2 —12)=o :2216).-16=0 ; L=2andr=-8

5 2 2
Now, D; =8 3 5 D, #0

10 2 6
Thus for A = 2, given set of equations has no solution.
1 1 2
103.B) A=|1 3 4|; |A]1=19+4)-1(3-4)+2(-1-3)=13+1-8=6
1 -1 3
B =adj(A) C=3A
= |Bl=ladj(A)l ICI=13A]

—1AP =331A]=27]A]

= ladiB)I=1BF =] A[" ladi®)_ AR _IAF &
ICl 271A1l 27 27
2 -1 2
104.D) A=0=|1 -2 A|=0
1 2 1

2(-2-22)+11-N)+2( +2)=0; —4-202+1-1+2h+4=0
2 2 2 1
2M+A+1=0 ; 204 -A-1=0 ; 2A° =24 +A-1=0 ; kzl,kz—E
. -1 .
As can be verified for A =1, 7 there’s no solutions
105.(A) (P) False

11
Consider A :{ } =1y
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A1
(Q) True
|A| =1 = Product of diagonal elements=1 = True(A) =2

106.B) | Adj(A)|=9=22 = |13

IBJI-9°% =81
1 1
pH=—=—
IB] 81

107.(8) 2eq)+eq(2) = z=0
Putzinanyeq. => X-2y=0
2y, v, 0) general set
15<(2y)2 +y2+02<150 = 3<y?2<30
y2 =4,916,25
y=142,+£3,+4,+5

X-2 2x-3 3x-4
108.(C)Given A=2x -3 3x-4 4x-5 |= Ax3 +Bx2 +Cx + D
3x -5 5x-8 10x -17

-1 -1 -1
Since x=1 > A+B+C+D=|-1 -1 -1|=0
2 -3 -7
So, B+C=—-(A+D) ....(1)
2 -3 -4 2 3 4
Again x =0 > D=|-3 4 -5|=-3 4 5 =—[(136+75+96)—(80+80+153)J
5 -8 -17| |5 8 17
--[307-313]=6 ... )
. 1
Also, if x =—
t
3
—_2 Z-3 Z-1
t t t 1-2t 2-3t 3-4t
A B C 2 3 4 5o 3
Then —3+—2+—+D:——3 ——4 —-5| => A+Bt+Ct“+Dt°=|12-3t 3-4t 4-5t
3 12t t t t _ _ _
3 c 10 3-5t 5-8t 10-17t
~—-5 Z-8 —-17
t t t
12 3
So, t=0 = A=[2 3 4|=[(30+24+30)-(27+20+40)|=[84-87]=-3 ....(3)
3 5 10
So, B+C=—-(A+D)=-(-3+6)=-3
2
109.(10) P RO RO I E S A
1 0f|12 O X 1

2 2
A4: X“+1 X || x“+1 X
X 1 X 1
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all:x4+3x2+1:109:(x2+1)2+x2:(x2+1)2+(x2+1)—1
a22:x2+1:t(say) = a11:t2+t—1:109

t?2 +t-110 =0
(t+11)(t-10)=0 hence t=-11and 10, t =-11 is not possible, hence t =10

x?+1=10
110.(A) _cc?se isin® _cgse isin® _ A2
isin® cos6 ||isin® cosH

cos?0-sin?®  2icos0sin® _ | cos20 isin20 _ A2
~|isin20 cos26

2icos0sin® cos20-sinZ0

i si isi i si 1
A5:A4.A:{cos46 |sm46Hcose |sm9}:{cosse |sm56} Clearly az—bZ:Eiswrong

isin40 cos46 ||isin® cosHO isin50 cos560
1 -2 3
111.(5) 4=2 1 1|=0 =
1 -7 a
1 -2 9
AM=2 1 b|=0 =
1 -7 24

We can check 4 =0, 4, =0 fora=8,b=3;a-b=5
112.(C) X +y +z =2
2X + 4y —z =6
3X + 2y +AZ =p
For infinite solutions
D =D; =D, =D3 =0
11 1
D=2 4 -1=0
3 2 A

9
20L-1-8=0 :>K:E

11 -2
D3:2 4 -6|=0
3 2 —u
2u+6-16=0 = p=5
2h+u=14
a; by ¢
ag bz c3

a; by ¢ |[1] [2
a2 b2 CZ 1 = O
ag bz cz(|1] |O
a, +by+cq =1, a, +b, +c,=0, ag +bz +c3=0
[a; by ¢ |[0] [0
a2 b2 CZ 2 . 2
ag by cz(|1| |O
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2b; +¢4 =0, 2b, + ¢, =2, 2bg +c5 =0
a; by ¢ ||O] |O
a2 b2 CZ O = O

as b3 cz (|1 2

¢,=0, ¢, =0, C3 =2

\ \ \
bl =0 b2 =1 b3 =-1
\ \ \
al:1 a2:—1 a3 =-1
1 0 O
IAl=-1 1 o]=2
-1 -1 2

114.(C) For in consistent solution

115.(C)

116.(D)

117.(C)

A=0, also any one of 4,4,,43 # 0

2 -4
1 6 1/=0 = 32_-71-6-=
A -10 4

(x—s)(smz):o

2
A=3,A=—

3
For A=3,4 =4, =43=0

-2
So in consistent only for A = ?

11 3
1 3 k?|=0 = k?=9
31 3

So, x+y+3z=0
X+3y+9z2=0

3X+y+3z=0say z=t > 2y+6z2=0 = y=-3t

yJ:_s

3Xx-3t+3t=0 = x=0 = x+(

X a+y X+a X a+y a
y b+y y+b|cg—ocz-cily b+y blcy, =c,-cg
Z C+y z+cC Z c+y C
X Yy a Xx 1 a
y vy bl=yly 1 bl=y(@a-b)
zZy C z 1 c
cos?x  1+sin®x  sin2x
A(X) = 1+cos?x  sin?x sin 2x
cos? x sin®x  1+sin2x
C; > Ci+Cy

0

z
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2 1+sin®x  sin2x
A(x)=12 sin? x sin2x
2

1 sin“x 1+sin2x

Ry > R{ —-Ry, Ry, > Ry —Rg3

0 1 0
A(x)=|1 0 -1 =-1(2 + sin 2x)
1 sinzx 1+sin2x

A(X)=-sin2x -2

-1<sin2x <1 ; -1<-sin2x <1 ; -3<-sin2x-2<-1
AX)e[-3,-1] ~.m=-3

M=-1

118.B) x +y+z =2
X+2y+3z=5
X+3y+Aiz =
For infinitely many solutions
D=0 D, =0 D, =0 & D3=0
1 1 1
1 2 3(=0
1 3 A
122 -9)+1(3-1)+1(3-2)=0
2 -9+3-A+1=0

13p—50)+1(15 - 2u) + 2(2. -9) = 0
3u-25+15-2u+20-18 =0

n-10+2=0
u=38
119.(A) A = co_se sin©
-sin® coso
A2 _ALA cosO sin0 || cos® sinO| | cos20 sin20
- " |-sin® cos@||-sin® cos®| |-sin20 cos26

A4 _ cos46 sin46
| —sin46 cos46

BoA% LA~ 09s4e+0936 sin46+sin®
—(sin46 +sin20) cos46+cos6

IB]l= (cos46+cose)2 +(sin 46 +sin 6)2 =2+ 2(cos46cos6 +sin40sin 0) = 2(1+ cos 30)

3n b1 T T .o
=2{1+cos— v B=—=2{1+cos|—+—||=2|1-sin— |e (1, 2)
5 5 2 10 10
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120.(3) For non-zero solutions D =0

-1 3h+1 2
D=[-1 4x-2 2+3[=0
2 3+l 31-3

R; >R;-Rgy

R, >R5,-Rg

A-3 0 -(A-3) 1 0 1
D=[k-3 %2-3 -2(-3)=0:®-32%1 1 2 |=0
2 3n+1 3Ar-3 2 31+1 30-3

(n-3/[3L-3+61+2-(31+1-2)]=0

6AA-3°%=0 = A1=0,3
Sum=0+3=3

121.(A) It is given that a2 +b3 +¢3 =2
a b c
A=|b c¢c a| anditisgiven AT A=
c awb

AT.Azlz‘ATA‘:M

‘AT“A| =1.> |A||A| =1= |A| =41

A=

o T 9
O o T
O Q9 o

|A| = 3abc -a3 -b3 ¢

+1 =3abc -2
1=3abc-2= 3abc=3=abc=1
-1 =3abc -2
3abc =1
abc:i
3
1 2 1 |x X+2y+z 0]
122.(C)Here P=|-2 3 -4|ly|=0; P=|-2x+3y-4z|=|0
1 9 -1z X+9y -z 0]
X+2y+z=0..... (i)
-2X+3y -4z =0 ........ (ii)
X+9y-z=0........ (iii)
X y z

k ; x=-11k,y =2k,z =7k ;

8-3 2+4 3+4
It is given that x2+y2+z2 =1

1
121k?2 + 4k2 + 49k2 =1 ; 174k% =1 ; k:i\/_

174
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Solutions to Maths Workbook — 6 | Matrices and Determinants
JEE Advanced Archive

1.(A) If A and B are square matrices of equal degree, then A+B =B + A

2.(A) Every square matrix satisfied its characteristic equation,
1-2 O 0
ie. JA-AMJE0=|0 1-2 1 |=0 = A-A-)E-0)+2 = r2-612+114-6=0
0 -2 4-i

= A3-6A% +11A-61=0 ... (i)
Given, 6A™1 = A% 1 cA +dI , multiplying both sides by A, we get
6l = A% +cA%+dA = A% +cA? +dA-61=0

On comparing equation (i) and (ii), we get c = -6 and d =11

3.(A)  Now, PTP{‘/E/2 _1/2“\/5/2 1/2} = PTP:F O}:PszlspT:P‘l

172 372 -1/72 372
Since, Q =PAPT
PTQ20%p — pT[(PAPT)(PAPT)......2005 times]P

=(PTP)APTP)A(PTP)...PTP)A(PTP) = IA2005 = 72005

2005 times
11
A=
01

4.(D) Given, A:{a o},B:{l O} . AZZ{O‘ OHO‘ O}:{O‘z 0}
11 5 1 1 1|1 1| |as1 1

Also, given, A% =B

2 10
= o 0 = = o®=1land a+1=5
o+l 1 51

Which is not possible at the same time
No real values of a exists.

5.(D) PLAN : Itis a simple question on scalar multiplication, i.e.
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6.(C)

7.(C)

ka;, ka, kas a; a, ag
b, b, bg|=klp, b, b,
G C C3 G C C3

Description of Situation construction of matrix

;7 &, a3
i.e. if a =[aij]3x3 =821 8y Ap3

a3z, azp Aagg

Here, P =[al5,5=]3y a5 8y

Q:[bij]3><3: byy by, byg

Where, by :2i+‘.aij

4a,, 8a,, 16a,,
IQF|8a,; 16a,, 32a,4
16a,, 32a5, 64ag,

8,7 83, A3 8,7 815 843 " " 1s
_ _29 _ _ _
=4x8x16(2a,, 2a,, 28,3/ =2"x2x4[@a, A,, Ay=2"|PEF2“- =2
4ay, 4az, 4ag; Az; azp Aagg
We know, [A"=]A" ]
. 3 3 o 2 2
Since, |A°]=125 = |A’=125 = 5 =5=>0“°-4=5= a=13
o
sinX COSX COSX
Given, [cosx sinx cosx|=0
COSX COSX Sinx
Applying C; - C; +C, +Cy4
SinX +2C0OSX COSX COSX 1 CcOSX COSX
SinX +2cosx sinx cosx|=(2cosx +sinx)[1l sinx cosx|=0
SinX +2C0SX COSX Sinx 1 cosx sSinx
Applying R; > R, =R, R3 > R; -R;
1 COS X COS X
= (2cosx +sinx)[0 sinx —cosX 0] =0
0 0 sin X — Ccos X
= (2cosx +sinx)(sinx —cosx)? = 0
= 2cosx +sinx =0 or sinx —cosx =0
= 2C0sX = —SinX or sinx = cosx
. . . T T .
= cotx =-1/2 gives no solution in —— <x <— and sinx =cosx => tanx =1=>x=n/4
4 4
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1 X X+1
8.(A) Given, f(x)=| 2x X(x 1) (x +1)x
3x(x 1) x(X -1)(x —=2) (X +1)x(x —1)

Applying C5 - C5 - (C; +C,)

1 X 0]
= 2X X(x -1) 0=0
3xX(x-1) x(x-1)(x-2) O

f(x)=0 = f(100)=0

1 a a2
9.(B) Let A =|cos(p —d)x cospx cos(p+d)x
sin(p—-d)x sinpx sin(p +d)x

Applying C; +C; +C4

1+a? a a? 1+a? a a?
= A =|cos(p —d)x +cos(p +d)x cospx cos(p+d)x = A=[2cospxcosdx cospx cos(p+d)x
sin(p—d)x +sin(p+d)x sinpx sin(p +d)x 2sinpxcosdx sinpx sin(p +d)x

Applying C; - C; —-2cosdx C,

1+a?-2acosdx a a?
= A= 0 cospx cos(p +d)x
0] sinpx sin(p +d)x
= A= (1+a2 —2acosdx) [sin(p +d)xcospx —sinpxcos(p+d)x] = A= (1+a2 —2a cosdx)sindx

Which is independent of p.

Xp +y X y

10.(B) Given, |yp+z y z |=0

0] Xp+y yp+2z

Applying C; - C; - (pC, +Cj3)

0] X y

= 0] y z |=0
~(xp®+yp+yp+2) Xp+y yp+z

= —(xp2 +2yp + z)(xz —y2) =0

Either xp? +2yp+z =0 or y? = xz

= X,¥, z arein GP.

11.(B) Since, A is the determinant of order 3 with entries O or 1 only.
Also, B is the subset of A consisting of all determinants with value 1
[since, if we interchange any two rows or columns, then among themselves sign changes]
Given, C is the subset having determinant with value -1.
B has as many elements as c.
12.(B) PLAN Use the following properties of transpose (AB)T = BTAT,(AT )T =A and A1A=1 and simplify. If

A is non-singular matrix, then | A= 0.
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13.(B)

14.(A)

15.(B)

16.(A)

Given, AAT =ATA and B=A"1AT

BT = (A TAT)A1AT)T

=AIATAAYT [+ (AB)T =BTAT]
= AtAAT (AT [+ AAT = AT A]
= IAT(ATYT [+ ATtA =]
=ATAHT =(AA)T [ (AB) =BTAT]
=17 =1

Given, PT =2P +1 (i)

P =@P+1)T =2PT +1

= P=2PT +1 = P=22P +I)+I
- P _ap 43 or 3P=-3 = PX=-IX=X

| A]#0, as non-singular

1 a b
o 1 c|=0
032 o 1
= 11-co)-a(o—-co?)+b(@? -0?)=0 = 1-co-am+ace’#0 = (l-co)l-aw)z0
1 1 o .
= azr—,Ccx#x— = a=oc=o and be{n, ®} = 2solutions
O] O]
Given, MT =—M,NT =-N and MN = NM (i)

MENANIMTYANHT M7 = M2ZN(NN (MY EHNT Y E(-m)
M2NI(-MD(=NYL(-M) = -M2NMIN"IM

M -«(MNM7INIM = ((M(NM)M N 1M

u U U U

“MN(NMHNM =-M(NN"IHM = -M?
NOTE Here, non-singular word should not be used, since there is no non-singular 3 x 3 skew-

symmetric matrix.

X 1
Since, A|y |=|0] is linear equation in there variables and that could have only unique, no solution or
z 0

infinitely many solution.
It is not possible to have two solutions.
Hence, number of matrices A is zero.

17.(B) Since, given system has no solution.

A =2 and any one amongst A,, Ay, A, is non-zero.
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2 -1 2 2 -1 2
Let|1 -2 1/=0 and A, =1 -2 -4/=6=%0 = A=1
1 1 2 1 1 4
. . 8 4k
18.(B) For infinitely many solutions, we must have = = =1
k+3 3k-1
19.(D) Since, the given system has non-zero solution.
1 k -1
k -1 -1=0
1 1 -1
Applying C; - C; -C,,C, - C, +Cy
1+k k-1 -1
= 1+k -2 -1j=0 = 2(k+1)—(k+1)2=0 = (k+1)(2-k-1)=0 = k=+%1
0] 0] -1

NOTE There is a golden rule in determinant that n one’'s = (n -1) zero's or n (constant) = (n -1)
zero’s for all constant should be in a single row or a single column.

20.(A) The given system of equations can be expressed as

1 -2 3]x] [-1
1 -3 4|yl=|1
1 1 2|z k

Applying R, - R, —R;, R3 > Ry +Ry

1 -2 3]«x -1
~|0 -1 1||y|=| 2
0 -1 1|z k-1
Applying Rz - Rz -R,
1 -2 3|x -1
~/0 -1 1j|y|=| 2

0O 0 0|z k-3

When k = 3, the given system of equations has no solution.

= Statement | is true. Clearly, Statement Il is also true as it is rearrangement of rows and columns
1 -2 3]
of 1 -3 4
-1 1 —2¥
1 00 [1 0 0 1 0 0 1 0 0
21.B) P=[4 1 0|; P?=[8 1 0|; P®=[12 1 0|; P*=[16 1 0
16 4 1 148 8 1 % 12 1 160 16 1

Pattern of element Py is 16[1,3,6,10, ......|
50" term is 16x1275

[By observing that T, of S=1+3+6+10+ ..... is
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1 0 O 0 0 O
PO = 200 1 0| Q=P¥_1=| 200 0 0
16x1275 200 1 16x1275 200 O
q31+q32 =16X1275+200=102+1=103
21 200

aq a ag aq b g

22(B) M = bl bz b3 y M T_ ay b2 Co

L C C3 a b c

g b oy a a
.
M'M=la, b, ¢ ||y b by

ag by czf[a C C3
Tr(MTM)=(af+bf+c%)+(a22+b%+022)+(a%+b§+023)=5
5=12+12+12 +12 +12 +0°+ 0> +0°+0* = 51%540° = 9C5
1242240240240 +02+0%+0%+0> = 151152 7-50° = °C,x%C

= 126+9;28><2=198

23.(CD)(a) (NTMN)T = NTMT(NT)T =N"MTN , is symmetric if M is symmetric and skew-symmetric, if M is
skew-symmetric.
(b) (MN =NM)T = (MN)" —(NMm)T
=NM - MN = —(MN - NM)

Skew-symmetric, when M and N are symmetric.

(c) (MN)T =NTMT =NM = MN
Not correct.
(d) (@djMN) = (adjN)-(adj M) Not correct.
24.(AB) PLAN
(i) If A and B are two non-zero matrices and AB = BA, then (A -B)(A +B) =A% -BZ?.
(i) The determinant of the product of the matrices is equal to product of their individual

determinants, i.e. | AB|=] A]IB]|

Given, M2 =N% = M2-N% =0

= (M=N?)M+N?)=0 [as MN = NM ]
Also, M =N?=0

= M+N?2=0

= det(M +N?)=0

Also, det(M? + MN?) = (det M)(det M + N?) = (det M)(0) = 0

As, det(M? + MN?)=0

Thus, there exists a non-zero matrix U such that (M2 + MNZ)U =0
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25.(BCD) Here, P =[p;l ., with p; =o'")
When n =1
P[Pl =[0°] = P? =[0*]#0

When n =2
P __plj_ P12 | o® o° _ 0)2 1
~[Pylcz - e
P21 P22 ® o 1 o
2 [ 2 4 2
p2:(0 1i|lo 13p2:c0+1(o+(o .0
1 of1 2 2

When n =3

N

N

2 3 4 o 1 o
P = [pij]3x3 =lo® o &|=[1 o o
®

ot 0 o [0) 1

o> 1 ol 1 o 00O
P2=|1 o 0’|l o o’|=|0 0 0|=0
o o 1 o o 1 000

P2 =0, when n is a multiple of 3

P2 =0, when n is not a multiple of 3
= n =57 is not possible
n =55, 58, 56 is possible.
26.(BD) Given,
a b ao+b

b c ba+c|=0
ao+b boa+c 0]

Applying C5 — C5 —(aCy +C,)

a b 0
b c 0 =0

aon+b ba+c —(an?+2ba+c)

= —~aa? +2ba +c)ac-b?)=0
= an? +2bo+c=0o0r b =ac
= X —o. is a factor of ax? + 2bx +c¢ or a,b,c arein GP.

27.(CD)PLAN A square matrix M is invertible, iff dem (M) or | M |= O.

Let M = a b}
b ¢
(A) Given, {Z} = b} = a=b=c=qa [let]
c
70( o R R .
= M = = |M|=0 = M is non-invertible
a o
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(B) Given, [b c]=[a b]

= a=b=c=qa [let]
Again, |[M]=0

= M is non-invertible.
. a o0
© As given M = {O } = |MEac=0 [ a and c are non-zero]
c
= M is invertible.
(D) M:{Z b} = |Mac-b% =0
c

ac is not equal to square of an integer.
M is invertible.
28.(AD) PLAN If |A,,, = A then Jadj A= A%

(1 4 4

Here, adj P, . = = ladj PHP P
3x3

2 1 7
11 3
1 4 4
2 1 7
11 3

ladj P - —1(3-7)-4(6-7)+42-1) =-4+4+4=4 = |P|+2
29(CD) X3><31Y3><3 X,Y #0 X'=—X,Y'=—Y
X|=0-}

Z3,3#0,2'=2'
(Y3z4—z4v3)' - (Y3z4)' —(z4v3)' 2P - )Pz
=-7%31v324 =v3z4 _ 7% symmetric
(x44+v44)' = (XYM (v = x My Symmetric
(x4z3—z3x4)' = (2P (XY =(x)(21) = 23x4 - x4Z3
=—(X423—23X4) Skew symmetric
(x* +Y23)' = (X (Y1) ==Xy B~ (X% +Y2) Skew Symmetric

(1+a)2 (1+2a)2 (1+30z)2 1+20+a® 1+da+4a® 1+6a+9a°

30.BC) |[(1+a) (2+2a)° (2+3a)’| =|4+4a+a® 4+8a+4a® 4+12a+9a?
(3+a)’ (3+2a)° (3+3a)?| [9+6a+o® 9+12a+4a® 9+18a+9a>
2
e o 111 111 100 10 0
=14 20 a?|x[7 4 6/=a34 2 Ux2 2 4 =34 2 -3 x4=-8°
9 3¢ o 9 31 [t 38 9 6 -8

8u3=—6480 = a(a2—81)=0 = =049
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31.(BC) Q =kpP!
5a0¢ 10 -
3o 6 —(Ba+4)
. |-10 12 2
P =
20+12a

k
O23 E—g
k.(3a-4) -k

20+120 8

kPt =" |P|=81Q|=8
2

204120, 2
k=4

4a-k+8=0 Ans. B
[Py -Ql =IPIIQIF =2%.2° =2% Ans.C

32.(BCD) |A|=: 22‘=—2a—6=—2(a+3)
|A1|=‘ﬁ _22‘=—2(K+u)
| A | = : i‘=au—3u
For a=-3 | A| = 0 system as infinite many solutions and if | A/|=0 and | A, |=0
= A+un=0 =  Option Aisincorrect
If L +pand a=-3
= |A|=0,/A|=0,|A|=0 =  System hasinfinite solutions
For A +p=0and a=—-3 = |A|=0,|A|=0,|A|#0
= System has no solution = Option D in correct

33.(AB) For (A) and (B) det (A%) =1,

Vidyamandir Classes

and for (C)
100 -1 0 O
01 0|=-1=0 -1 O
00 - 0 0 -
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10 0)10 0 1 0 0
01 2|0 1 =2|=[0 -1 ©
01 -1Jlo 1 -1) (0 0 -1
100
For(C): 12=[0 1 0.
001
-1 2 5
34.(AD)  A=[2 -4 3|=0
1 -2 2

For atleast one solution, must be infinite solution (.- A =0)

A=A, =Ag=0
bk 2 5
A=b, -4 3/=0
by -2 2
by +7b, =130 : S

123

(A) A=|0 4 5/ =12 (Unique solution)

126
1 1 3
(B) A=|5 2 6|=0
2 -1 -3
b 1 3
A =b, 2 6[=0
by -1 -3
1 b 3
Ay=|5 b, 6|=3(by+by+3by)
2 by -3

which will not be zero for each by, by, b3in S

No solution
-1 2 -5
(C) A=|2 -4 10/=0
1 -2 5
—X+2y-5z=1D 0]
2x—4y+10z=h, ... (i)
X—2y+5z =Dy ... (iii)
(i) + 2 (i)
0=2b +b,
(iii) + (i)
0=h +b;
-X+2y-5z: Iy
0 D 2b+by
0 Db +by
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For a solution
2b1 + b2 =0
bl + b3 =0
_b2

Sy

by = -3
For every by, by, bs € S infinite solution will not exist
1 2 5
(D) A={2 0 3|=54unique solution
1 4 -5

35.(C) M=al+gM™
M2—aM —BI =0 = oczTr(M)=sin4e+cos4ee[%,1}

B=—|M |=—(S*C*+(@1+52)(1+C?)) =—(S*C*+5%C? +2), 52C2 =t

=—(t> +t+2) te[O,l}
4
* 1 * 37 * * 29
=—, e — :> —+ | Jp—
=5 P ="1 LTS
36.(ABC) adj. (adj. M) =|M ] a=2,b=1
0 2 -4 01 2
=|-2 -4 —6|=-2|1 2 3|=|M|=-2
6 -2 -2 311

B+2y=1=Pp=1-2y

0+2B+3y=2 = a=2-2B-3y=2-2+4y-3y=y
300+B+y=3 =3y+1-2y+y=3

2y=2

y=1

B=1-2=-1

a=1

o—-PB+y=1+1+1=3

(adj. M) +adj M = 2(adj. M) ™ =ﬁ|v| Y

jadj. M2 | =[adj. M[* =| M [= (-2)* =16

37.(ABD) Clearly P, = P¢ =Pt

Aswell as AT = A where

A:

w N

1 3
0 2
2 1
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6
Given X = P AR
k=1

6
= XT =Y PATR = XT = PAR [As AT = A]
k=1 k=1
= XT =X
1
Let B=|1
1
6 6
= XB=> PAR(B =) P(ARB [As P =P]
K=1 K=1
6 6
=  XB=) PAB=(R+P..+PF)|3|=30B = «a=30
k=1 6
1
= (X =301)[1|=0
1
1
As (X —301) B=0hasanon trivial solution B=|1| = det(X -301)=0
1
= X =301 is non invertible T, (X) =3x6=18
38.(AB) det R = det(PQP™)
= det R=det Q
2 X X 2 X X 12 x X
= detR=| 0 4 0 (=0 4 0/+|0 4
x+0 x+0 5+1 |x x 5 [0 0 1
2 X X
= detR=|10 4 0/+8 VxeR
X X 5
2+x —+1 2_X
6 3 0 43 23
As P*lzéo 3 2| = R=| 2x 4 3+3
00 2 3 0 6-x

Asfor x=1detR=0
a 0

RIg|=|0|= a=p=y=0
y 0

So,
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1
As Rla|=6|a| or
b b b
= PQ=QP
1 1 12 x X 2 X X
= 0 2 2({|0 4 0(=|0 4 O
0 0 3||x x 6 X X 6
Comparing &,
= 2X+4=2xX+2 = Xe¢
logy
log x
1 log,y log, z log x
39.(0) Let A:Iogyx 1 Iogyz = logy 1
log, x log,y 1 logx logy
logz logz

On dividing and multiplying R;,R,,R5 by logx, logy, logz , respectively

logx logy logz

1
- logx logy logz

1 a a’-bc| 01 a a? | a bc
40.0) L b b?-cal=1L b b? -1 b ca
1 ¢ c?2-ab| [L ¢ ¢c?| L ¢ ab

1 a bc a a2 abc
1

Now, 1 b ca :—b b b? abc
abc

1 c ab ¢ ¢ abc

Applying R; — aR;, R, - bR,, Ry - R4

a a® 1 {1 a a?
1 2 2
=——-abcb b 1=1 b b

abc
c ¢ 1 ¢ c?
a?-bc
b b?-cal=0
¢ cab
41.(2 and 7)
X 7
Given, [2 x 2|=0
7 6 X

Applying Ry - R, +R5 +R3

o O -

(R-6l)|al=0 = a=2b=3

o N -

logz

log x
logz

logy

logx logy logz|=0
logx logy logz

w N -

Vidyamandir Classes

Mathematics | Matrices and Determinants

83

Workbook-6 | Solutions



Vidyamandir Classes

X+9 X+9 x+9 11 1
= 2 X 2 |=0 = xX+9)2 x 2[=0
7 6 X 7 6 X

Applying C, -C, -C; and C3 -»C5-C;

1 0 0]
= xX+9)2 x-2 0 [=0 = X+9)(x-2)(x-7)=0
7 -1 x-7
= X =-9,2,7 are the roots.
o Other two roots are 2 and 7.
42 {-1, 2}

4 20
Given, -2 5 |=0

2x  5x2
= 1(-10x2 —10x) - 4(5x % —5) + 20(2X +2) = 0
= ~30x2 +30x +60 =0
= x-2)(x+1)=0 = Xx=2-1

Hence, the solution set is {-1, 2}.

A2 +30 A-1 A+3
43.00) Given, | 2+1 2% A-4]=pr* +qr3 +ra2 +sh+t
A-3 A+4 3L

Thus, the value of t is obtained by putting A =0.

0O -1 3
= 1 0 4=t = t=0 [ determinants of odd order skew-symmetric matrix is zero]
-3 4 O

44.4) |Al=(2k+1%|B]=0

9
But det(adj A)+det(adj B)=10° =  (2k+1)f =10® = k== = Ki=4

45.1. =0
Given system AX +y+z=0,-X+Ay+z=0
and -X-y+iz=0
will have non-zero solution, if
A1 1
-1 2 1/=0
-1 -1 X
= X(X2+1)—1(—K+1)+1(1+k):0 = AW +A+A-1+1+A4=0
= A +30=0 = A*%+3)=0 = A=0
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46.

47.(2)

a; ay ag
Let M=b; b, by
C, Cy Cg
0 -1 1 1 1 0
M{1l|=|2]|, M|-1|=|1]|, M-1|=|0
0 3 0 -1 1) |12
a, -1| |a; -a, 1 a; +a, +aj 0
= by, |=| 2| |b=by |=[1], |bj+by,+bs|=|0
Cy 3|lci-C| |-1] |cp+cy+cg | |12
= a,=-1,b,=2¢,=3,a;-a,=1 by -b,=1,¢,-¢c,=-1
= a;+a, +az =0,b; +by, +b3 =0

Cy +Cy +Cg3 =12

a;=0,b, =2,c5=7

= Sum of diagonal elements =0+2+7=9
;= 1+ J3i
- 2
I=®
S
(o) (o?)
P= S
) o
P2 =—|

o2+ o o *28 .(1+ (_1)r) {_1 0}

of 28 (1+ (_1)r) 0% 4 o 0 -1

o +0*=-1and o *2 (1+(—1)r)=0 rcanbelor3

Ifr=1

0’ + 0¥ =-1
0)45 :_1_0)2
@45;@ = s=1
If r=3
@+ M =-1
o*=-2

No “s” possible
Ordered pair of (r, s) is (1,1)
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X X

Classes

2 3

1+ X

48.2) [2x 4x® 1+8x3| =10

3x 9

X X

1 X
1 2x
1 3x

X 1+ 27x8

21 X x2 x3

2x 4x% 1 +[2x 4x% 8x3| =10
3x 9x2 1 [3x 9x% 27x8

2

X 1 X X
%% + x - 2x-3x[1 2x 4x%|=10
9x? 1 3x 9x2

—X- —X- 2X (1+ 6x3) =10

2x3 (1 + 6x3) =10

x3 (1+
x3 =t

t + 6t
6t + t

6X3) =5

=5
-5=0

6t2+ 6t — 5t ~5=0
6t(t +1)—5(t + 1)=0

t=-1t=5/6

x3=—], x3=5/6

x=-1 and XE(5/6)1/3
2

1l o
49.(1) 11
1l o

50.(4.00)

two planes are parallel) (Rejected)
(two planes are coincident)

=~

For maximum value of determinant we can make
Diagonal entries minimum and non-diagonal entries maximum

Mathematics

-1 1 1
Amax =11 -1 1|=4
1 1 -1
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D OO T YD)

51.(D) As (a,b,c) lieson 2x+y+z=1 =2a+b+c=1

52.(B)

53.(A)

54.(D)

55.(C)

56.(D)

= 2a+6a-7a=1=>a=1,b=6,c=-7
7a+b+c=7+6-7=6
Ifb=6=>a=1landc=-7

ax?+bx+c=0=x2+6x-7=0

= X+7)(x-1)=0
X =1 -7
w[l 1} 6 [6}2 1 1
z ——— | =14+—+|—=| + +oo:—6:——
n:01 7 7 |7 1% 177
7
Ifa=2b=12,c=-14
3 1 3
0 o °
3 1 3 3 2 5 >
= _2+?+ﬁ:_2+1+30’ =30+1+30° =1+3(0+0°)=1-3=-2
) () o [

The number of matrices for which p does not divide Tr(A)=(p —1)p2 of these (p —1)2 are such that p
divides | A |. The number of matrices for which p divides Tr(A) and p does not divides | A | are (p —1).

Required number = (p —1)p? —(p -1)? +(p -1)? = p3 - p?

Trace of A =2a, will be divisible by p, iffa=0.
|AE a® —bc , for (a2 —bc) to be divisible by p. There are exactly (p —1) ordered pairs (b, ¢) for any value
of a.

Required number is (p —1)?

If A is skew-symmetric matrix, then a =0,b = —
IA]=-b?
Thus, P divides | A], onlywhen b=0 ... (i)
Again, if A is symmetric matrix, then b =c and | A]=a? -b?
Thus, p divides | A, if either p divides (a —b) or p divides (a +b)
p divides (a —-b), only when a =b,i.e. a-b €{0,1, 2,........... ,(p -1)} i.e. p choices............. (ii)
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p divides (a +b)
= p choices, including a =b =0 included in equation (i)
Total number of choices are (p+p-1)=2p-1

57. Since, MTM =1 and|M|=1

IM=1]=|IM-MT"M| [+ IM =M]
= IM=11=10-MDOMH@ -M)T [IM]=]1-M]
=13IM=1] [+1-M is a 3x3 matrix]
=—IM-1]
N 2IM-1]=0 =>|M-1]=0
a b c
58.(4) Given A=|b ¢ al,abc=land ATA=1 ... (@)
cawb
Now, ATA =1
(a b cla c 1 00
= b ¢ allb al|=/0 1 0
c a bllc a b 0 0 1

a?+b%+c? ab+bc+ca ab+bc+ca 100
= ab+bc+ca a?+b%+c? ab+bc+ca|=[0 1 0O
0 01

ab+bc+ca ab+bc+ca a®+b?+c?

N a’+b%?+c?=1and ab+bc+ca=0 ...

We know, a® +b3 +c3 - 3abc :(a+b+c)(a2 +b2+02—ab—bc—ca)

= a®+b3+c®=(@+b+c)1-0)+3 (from Equations (i) and (ii))

a3+b3+c3:(a +b+c)+3

Now, (a+b +c)2

From equation (iii), a®+b3+c®=1+3=a%+b3+c3=4
ax —by —c bx +ay cX +a

59. Given, | bx +ay -ax+by-c cy +b =0
cX +a cy +b —-ax —by +c

a2x—aby—ac bx +ay cX +a

abx +a2y —-ax +by —c cy +b =0

acx +a? cy +b —ax —by +c

a

Applying C; - C; +bC, +¢cCy

=a?+b?+c?+2@b+bc+ca)=1 ...

(a2+b2+02)x ay +bx cX +a
1l 2. .2, 2
= —|@“+b“+c“)y by-c-ax b+cy (=0
al 2 .2, 2
a“+b“+c b +cy c—ax —by
X ay +bx cX +a
= Zly by-c-ax b+cy |=0 (-a?+b?+c? =1)
a
1 b +cy ¢ —ax —by
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Applying C, - C, -bC; and C3 —C5-cCy

1 X ay a
—ly -c-ax b =0
alp cy —-ax —by

x2  axy ax

—|y -Cc-ax b =0
1 cy —ax —by

Applying Ry — Ry +YR, +R3

=

=

x2+y2+1 0] 0]
1
— y —C —ax b =0
ax
1 cy —ax —by

1 2 -
a_x[(x +y*© +1{(-c —ax)(-ax —by) -b(cy)}] =0

1.2 2 2,2
—I[(x= +y“ +1)(acx + bcy +a“x“ +abxy —bcy)] =0
ax

2

1. 2 - 2
—[(x* +y“© +1)(acx +a“x“ +abxy)]=0
ax

1 2.2
—[ax(x“ +y“ +1)(c +ax +by)]=0
ax

(x2 +y2 +1)(ax +by +¢)=0

ax +by+c=0

Which represents a straight line.

60. Let A=

sin® cos 0 sin 20

i 2n 2n i 47

sin|0+—| cos|0+—| sin|20+—
3 3 3

i 2n 2n i 47

sinf6——| cos|6——| sin|20-—
3 3 3

Applying R, - R, +R3

sind cos0 sin 20

i 2n 2n i 47
sin| 6 +— cos| 0 +— sin| 20 + —
. 2n 27 . 4n
+sin|0——| +cos|6—-—| +sin|20-—
i 2n 27n i 47
sinf 6 —— cos|0—— sin| 20 - —
3 3 3

i 2n i 2n
Now, sin|0+— |+sin| 06 ——
3 3

Vidyamandir Classes
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27 27 27 27
0+—+60-—— 0+—-0+—

=2sin 3 3 cos 3

i 2n i b4 i b .
=2sin ecos? =2sin0Ocos n—g =-2sin ecosg =-sin®

27 2n
and cos|O+— |+cos| 0 ——
3 3

2n 1 i 4r i 4n
= 20059005(?J = 20059[—5] =-cos6 and sin (26 +?] +sin [29 —?]

4n 4n 4n 4n

20+ —+20-— 20+ —-20+—

=2sin 3 3 |cos 3 3
2 2

i a7 i T i T i
=2sin 29003? =2sin Zecos(n +§J =-2sin 290035 =-sin20

sin® cos0 sin 20
A= -sin® —cos0 -sin 20 =0
i 2n 2n i 47
sinf6——| cos|6——| sin|20—-—
3 3 3
2ax 2ax -1 2ax +b +1
61. Given, f'(x)= b b+1 -1

2(ax +b) 2ax+2b+1 2ax+b
Applying Rz — Rz —R; —2R,, we get

2ax 2ax -1 2ax +b+1

f'x)=| b b1l 1 ZZZ\X 22x+11:22x —11
0] 0] 1
= f'(572)=0 = 5a+b =0 .. (i)
Also, f(0)=2 = c¢c=2and f1)=1
= a+b+c=1 ... (i)

On solving Egs. (i) and (ii) for a, b, we get

[since, R; and R, are proportional]

[C, »C, »C]
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62.(0) Since, a, b, c are pth, gth and rth terms of HP.

1
—=A+(p-1D
a
111 . 1 .
= —,—,— areinan AP. = —=A+(q-1)D ()]
a b c b
1
—=A+(r-1)D
c
1 1 1
bc ca ab a b c
Let A=|p q r|=abclp q r [From Eqg. (i)]
1 1 1
1 1 1

A+(p-1)D A+(-1D A+(r-1)D
=abc p q r
1 1 1

Applying R; - R; -(A-D)R3 -DR,

0 0O bc ca ab
=abclp g r|=0 = |p q r|=0
111 1 1 1

63. Given, a >0,d >0 and let

1 1 1
a a(@ +d) (@ +d)@ +2d)
N 1 1
@+d) (@a+d)a+2d) (a+2d)a+3d)
1 1 1
@+2d) (a+2d)a+3d) (a+3d)a+4d)

Taking ommon from Ry,

a@+d)a+2d) ¢
1
fro
(@ +d)@ +2d)@ +3d)
1
fro
(@ +2d)(a + 3d)@ + 4d)
= A= 1
a@ +d)%@+2d)3(a +3d)%@a + 4d)

(@a+d)a+2d) (a+2d) a
(@+2d)a+3d) (a+3d) (a+d)
(a+3d)a+4d) (a+4d) (a+2d)

m R2,

mR3

1
A= A
- a@ +d)%(@+2d)3(a +3d)%(@ + 4d)
(a+d)a+2d) (a+2d) a
where, A'=|a+2d)a+3d) (a+3d) (a+d)
(@a+3d)a+4d) (a+4d) (a+2d)
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Applying R, - R, -Rq, R3 > R3 —-R,

(a+d)(a+2d) (a+2d) a
= A'=| (a+2d)(2d) d d
(a +3d)(2d) d d

Applying Rz - Rz -R,

(a+d)(a+2d) (a+2d) a
A'=| (a+2d)2d d d
2d? 0o o0
Expanding along R, we get A'= 2d? a LZd :

A =(d?)d)@ +2d -a)=4d*
4d4
a@ +d)%@+2d)3(a +3d)%@ + 4d)

cos(A—-P) cos(A-Q) cos(A-R)
64. Let A =|cos(B-P) cos(B-Q) cos(B-R)
cos(C —P) cos(C-Q) cos(C-R)

A=

cos AcosP +sin AsinP  cos(A-Q) cos(A-R)
= A =|cosBcosP +sinBsinP cos(B -Q) cos(B -R)
cosCcosP +sinCsinP  cos(C-Q) cos(C -R)

cosAcosP cos(A-Q) cos(A-R) [sinAsinP cos(A-Q) cos(A-R)
= A =|cosBcosP cos(B-Q) cos(B-R)[+|sinBsinP cos(B-Q) cos(B-R)
cosCcosP cos(C-Q) cos(C-R)| |sinCsinP cos(C-Q) cos(C-R)

cosA cos(A-Q) cos(A-R) sin A cos(A-Q) cos(A-R)
= A=cosP|cosB cos(B-Q) cos(B-R)[+sinP|sinB cos(B-Q) cos(B-R)
cosC cos(C -Q) cos(C-R) sinC cos(C-Q) cos(C-R)

Applying C, - C, -C;cosQ,C5 - C5-C,cosR in first determinant and C, — C, -C;sinQ in second

determinant

cosA sinAsinQ sinAsinR sin A cosAcosQ cosAcosR
= A=cosP|cosB sinBsinQ sinBsinR|+sinP|sinB cosBcosQ cosBcosR
cosC sinCsinQ sinCsinR sinC cosCcosQ cosCcosR
COSA sinA sinA sin A cosA CosA
A =cosPsinQsinR|cosB sinB sinB|+sinP cosQcosR|[sinB cosB cosB
cosC sinC sinC sinC cosC cosC
A=0+0=0

n! n+1)! (n+2)!
65. Given, D=|(n+1)! (n+2)! (n+3)!
n+2)! Nn+3)! (n+4)!

Taking n!,(n +1)! and (n +2)! common from R;, R, and R, respectively.
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1 nN+1) (h+1)(n+2)
D=nln+)i(n+2)IL (n+2) (n+2)(n +3)
1 (n+3) (n+3)(n+4)

Applying R, - R, -R; and R; - R3 -R,, we get

1 n+1) (n+1)(n+2)
D =n!(n +1)!(n +2)!|0 1 2n+4
0] 1 2n +6

Expanding along C;, we get
D=(nHn +1)(n +2)![(2n + 6)—(2n + 4)]
D =(nNHn +1)Y(n +2)'2]

On dividing both side by (n!)3

- D M HIN YN +L)(n YN +1)(n + 2)2

) (13

= =2n +1)(n +1)(n + 2)
(ny°®

= =23 +4n2 +5n +2)=2n(n° +4n +5)+ 4
(ny°®

= —4=2n(n2+4n+5)
(n1?

. D o
Which shows that -4 | is dividing by n.
(ny°®
p b c
66. Let A=ja q cC

a b r

Applying R; - R, —R; and R; - R3 - R;, we get
p b c
A=la-p g-b O
a-p 0O r-c
Ca—p q-b
a-p 0

a-p gq-b

‘+(r—c)

p b ‘

=—c(@-p)a-b)+(r-c)p(q-b)-b(a-p)
=—c(@a-p)@a-b)+pr-c)q-b)-b(r-c)@a-p)

Since, A=0

= —c(@a-p)a-b)+p(r-c)g-b)-b(r-c)a-p)=0
c p b

= + + =0

r-c p-a q-b
[on dividing both sides by (a — p)(q —b)(r —c)]
= p+b+1+c+1:2:>p+q+r:2
p-a qg-b r-c p-a gq-b r-c
67. We know, A28 = Ax100+2x10+8
3B9=3x100+Bx10+9
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and 62C =6x100+2x10+C
Since, A28, 3B9 and 62C are divisible by k, therefore there exist positive integers m;,m, and mg,

such that, 100x A +10x2+8 =m4k,100x3+10xB +9=myk and 100x6 +10x2+C =mgk . (i)
A 3 6
A=|8 9 C
2 B 2

Applying R, —100R; +10R5 +R,

A 3 6
= A=[100A +2x10+8 100x3+10xB+9 100x6+10x2+C
2 B 2
A 3 6
=|A28 3B9 62C [from Eq.(i)]
2 B 2
A 3 6 A 3 6
=m1k m2k m3k =k m; m, mg
2 B 2 2 B 2

A =mk
Hence, determinant is divisible by k.

a-1 n 6
68. Given, A, =|@a —1)2 2n® 4n-2
@a-13 3n3 3n2-3n
n
- nn-1
Z(a 1) n 6 (n-1) . 5
a=1 2
0 0 n(n -1)(2n -1)
ZAa:Z(a—l)Z 2n2  4n-2 =—2" " 2n? 4n-2
6
a=1 =1 ) )
n n<(n -1) a3 3n2_3
Z:(a—l)3 3n 3n%-3n 4 n n--2°n
=1
1 1 6
1 1 6
n2(n -1)|(2n -1) n3mn -1)
= 2n an -2 =———2n-1 6n 12n-6
2 n(n3—1) 12 n-1 6n 6n-6
> 3n? 3n%-3n

Applying C; — C5 -6C4
1 1 O

2n-1 6n 0O|=0
n-1 6n O

n3(n -1)
12

= ZAa =C [c =0, i.e. constant]
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XCr XCr+1 XCr+2
69. LetAa=[YC, YC.; YC,,»
ZCr ZCr+1 ‘C

r+2
Applying C53 —C5 +C,

X X X+1
Cr Cr+1 Cr+2
+1 - n n _ N+
A= yCr yCr+1 Y Cri2 [ Cr+Cra= 1Cr]

z z z+1
Cr Cr +1 Cr +2

Applying C, - C, +C;

X X+1 X+1
Cr Cr +1 Cr +2

_ly y+1 y+1
A= Cr Cr +1 Cr +2

z z+1 z+1
Cr Cr +1 Cr+2

Applying C53 —C5 +C,

X X+1 X+2
Cr Cr +1 Cr +2
_ly y+1 y+2
= A=PcC, Crn Crin

z z+1 z+2
Cr Cr +1 Cr +2

Hence proved.
70. Since, a is repeated root of f(x)=0.
f(x)=a(x —a)?,a econstant (= 0)

A(x) B(x) C(x)
Let ox)=|A(a) B(a) C(a)
A'(a) B'(a) C'(a)
)2

To show ¢(x) is divisible by (x —a)=, it is sufficient to show that ¢(a) and ¢'(a) =0.

Al) B(a) C(a)

o(a)=|A(a) B(a) C(a)|=0 [+ R; and R, are identical]
A'(a) B'(a) C'(a)

A'(x) B'(x) C'(x)
Assign, ¢'(x)=|A(a) B(a) C(a)
A'(a) B'(a) C'(a)

A'(a) B'(a) C'(a)
¢'(a)=[{A(e) B(a) C(a)|=0 [+ Ry and Ry are identical]
A'(a) B'(a) C'(a)

Thus, o is a repeated root of ¢(x)=0.
Hence, ¢(x) is divisible by f(x).

x2 4 x X+1 x-2

71. Let A=[2x%2+3x -1 3x 3x-3
x2+2x+3 2x -1 2x -1

Applying R, - R, —(R; +R3), we get
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x2 4+ x X+1 Xx-2
A= -4 0 0
x242x+3 2x -1 2x —

2 2
X X
Applying R; — R, +TR2 and R; - R, +TR2’ we get

X X+1 x-2
A=| -4 0 0
2X+3 2x -1 2x -1

Xx+0 x+1 x-2
Applying Rz > R5-2R; =| -4 0] 0]
3 -3 3

x x x| o 1 -2 1 1 1 Jo 1 -2
=4 0 O|+|-4 0 O|=x|-4 0 0O+-4 0 O

3 -3 3 |3 -3 3 3 -3 3 |3 -3 3
= A=Ax+B

1 1 1 o 1 -2

where, A=-4 0 Oand B=[-4 0 O

3 -3 3 3 -3 3
a b ¢
72. Let A=lb ¢ a
c awb

Applying C; - C; +C, +Cg

a+b+c b ¢ b ¢
A=la+b+c ¢ al=(@+b+c)l ¢ a
a+b+c a b ab

Applying R, - R, —R; and R; - R3 - R;, we get

1 b c
=(@+b+c)0 c-b a-c
0O a-b b-c

=(@+b+c)[c —b)2 —(a-b)@-c)]

——(a+b+c)(a2+b2+02—ab—ac—ca)

1 2 2. 5.2
= —E(a +b +c)(2a“ +2b“ +2c“ —2ab — 2bc — 2ca)

- —%(a +h+c)(@a-b)%+b®-cP +(c-a)]

which is always negative.

73. Since, AX =U has infinitely many solutions,
a 0 1
= |A]l=0 = [1 ¢ b|=0
1 dob
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. a(bc—bd)+1d -c)=0 = (d-c)ab-1)=0

ab=1ord=c
f

Again, |A3|= =0 = g=h

=
o o O
«

h

a f 1
= IA,]=]1 g bj=0= g=h
1 hb

f 01
and IA/lI=|]g ¢ b|=0 = g=h
h d b

g=h,c=d and ab=1
Now, BX =V

a 11
IB]I=|0 d c|=0 [from Eq. (i)]
f g h

[since, C, and C5 are equal]

BX =V has no solution.

a2 1 1
IBiI={|0 d c|=0 [from Eq. (i)]
O g h

[since, c=d and g=h]

a a’ 1
IB,I=|0 0 c|=a’cf =a’df
f 0 h
Since, adf #0 = |B,|#0
|B]=0 and

[ c=d]

1B, =0

BX =V has no solution.

74. Given, AX +(sina)y +(cosa)z =0

X +(cosa)y +(sina)z =0

and —x +(sina)y —(cosa)z = 0 has non-trivial solution.

A=0

A sina  cosa
= 1 cosa sina|=0
-1 sino —-cosa

= M- cos? o, —sin?
= —A+Sinocosa +Sinacosoa — sin
= A = c0os 2a + Sin 2a

2

a)-sina(-cosa +sina)+cosa(sina + cosa)=0

a+cos?a=0

[- —va® +b? <asin®@+bcosd <Va? +b?]
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75.

76.

2 <r<i2 . ()
Again, when LA =1, cos2a +sin2a =1
1 1 . 1
= $c032a+$sm2azﬁ
= cos(2a.—n/4)=cosn/ 4
2—-n/4=2nntn/4
= a=2nn-n/4+n/4 or 2o=2nn+n/4+n/4
o=nm or nt+n/4

Since, o4, a, are the roots of ax? +bx +¢ = 0.

b c
= o +a, =—— and o o, =— ... (i)
1 2 a 12 a

Also, B, B, are the roots of px2 +0x +r =0.

q r .
= By +By =—— and Bif, =— ... (i)
P P
Given system of equations
aqy +0a,z2=0
and Byy +B,z =0, has non-trivial solution.

o Gp

B By

a_ B
ay By

=0

aq + 05 :Bl+[32

Applying componendo-dividendo
o —opy By -Ba

= (oq +05)(By —Bs) = (ag — a5 )(By +B5)

= (o + az)z{(ﬁl + ﬁz)z —4B,B5} =(By + Bz)z{(al + az)z - 4005}

From Egs. (i) and (ii), we get

b? q2 4r q2 b% 4c b2q2 ab>r b2q2 4q20 b?r qzc b% ac
Sl TIT ST T D S T 2 3 O Tt D T
a2p2|0 pzaza a“p acp a“p ap a p q pr
The system of equations has non-trivial solution, if A =0.
sin36 -1 1
= cos20 4 3|=0
2 7 7
Expanding along C;, we get sin30-(28 - 21)-c0s26(-7 -7)+2(-3-4)=0
= 7sin30+14c0s20-14=0 = sin30+2c0s20-2=0
N 3sin0-4sin®0+2(1-2sin%0)-2=0 = sin0(4sin?0+4sin0-3)=0
1
= sinB(2sin6-1)(2sin6+3)=0 = sinG:O,sinO:E

[neglecting sin® =-372]

nT™
= 0=nm, Nnn+(-1) E,nez
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The given system of equations 3x-y+4z=3, x+2y-3z=-2, 6Xx+5y+Az=-3

has atleast one solution, if A = 0.

3 -1 4
A=1 2 -=3%0
6 5 A
= 3(2A+15)+1(A +18)+4(5-12)#0 = 7(A+5)=#0 = Ar#-5

Let z = -k, then equations become 3x -y =3-4k and x +2y =3k -2

. 4 -5k 13k -9
On solving, we get x = = Y = = ,Z=k

Given system of equations are 3x +my =m and 2x —5y =20

m m m m
Here, Azz =-25m, Ay: 3

20 -5 2 20

=-15-2m and A, = =60-2m

If A =0, then system is inconsistent, i.e. it has no solution.

15
if A20,i.e. m# - the system has a unique solution for any fixed value of m.

Ay -25m 25m
We have, X =—"= =
A -15-2m 15+2m
Ay 60-2m  2m -60
and y=—"-= =
A -15-2m 15+2m
25m 15 .
For x >0, ——>0= m>0or m<—-— . (i)
15+2m 2
2m -60 15 -
and y>0,———>0 = m>30 or m<—-—— ... (i)
2m +15 2

15
From Egs. (i) and (ii), we get m < Y or m>30

0O 1 -2
Since, the given system of equations poses non-trivial solution, if 0 -3 1|=0 = k=0
k -5 4

On solving the equations x =y =z =1

For k =0, the system has infinite solutions of A € R.

Given systems of equations can be rewritten as -x +cy +by =0, cx -y +az=0and bx +ay -z =0

Above system of equations are homogeneous equation.
Since, X,y and z are not all zero, so it has non-trivial solution.

Therefore, the coefficient of determinant must be zero.

-1 ¢ b

c -1 a|=0

b a -1
= ~1(1-a?)-c(-c —ab)+b(ca +b)=0 = aZ+b2+c2+2abc-1=0
= a2 +b2+c2+2abc =1

Mathematics | Matrices and Determinants 99 Workbook-6 | Solutions



Vidyamandir Classes

81.(BCD) As adjadia) = A% A
= Mt=lmm 1)
= i:|M|4 = MP=1= M1 @)
M|

Also pre multiply (1) by M & placing |M| =1

MZ2=1 e, ®3)
Also from (1)

AdiM =M = (AdjM)?Z =MZ =]

c d

A2 _|2 b}{a b}_ aZ +bc ab+bd
Lc d]jc d ac+cd bc+d?

A3 _ a?+bc  3b {a b}
3¢ bc+d?|lc d

82. A:{a b} Given: a+d =3

AS =

7a3+abc+3bc a?b +b2c +3bd
73ac+bcz+cd2 3bc +bed +d°

tr.(A3):a3+abc+3bc+3bc+bcd +d3 :a3+bc[a +b +dJ+d3
tr(A3):a3+9bc +d3 =18 =a3+9bc+(3—a)3 --18 —a3 +9bc+27-a3 -27a+9a% = -18

- 9bc-27a +9a% =-45 =bc -3a+a =-5

Now | Al=ad -bc =a(3-a)-bc =3a-a%-bc=5
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